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1 (204)

a) (543) Write down the Taylor expansions of e* and e~*. Draw the schematic diagrams
g

of e and e *.

(b) (543) What are the linear and nonlinear regimes of the e® and e~*. Why is e~ ! scale
used in the science? Why is not e=2 or e~3 used? What is the e~! scale for the functions
of ekt and e=%"/n?

(¢) (547)Use the Taylor expansions and the definition of differentiation to prove that
de* /dx = €*.

(d) (547) Use the Taylor expansions and the definition of differentiation to prove that
dlnz/dx =1/z.
2 (1543)

(a) (543) Find the eigenvalues and eigenvectors of the following matrix A.
0.8 0.6
A= (0.2 0.4)

(b) (547) In a evolution process, let N mean ”No mutation” and Y "mutation”. Let the
evolution transition probability from one generation to the next be 0.4 for N to N (thus, 0.6
for N to Y), 0.2 for Y to N (0.8 for Y to Y). If there is no mutation in the first generation,
what are the percentages of mutation and no mutation 2 generations after?

(¢) (543)What are the most likely percentages of mutation and no mutation many gener-
ations after?

3 (204

(a) (543) If A is a skew-symmetric matrix, and the governing equations are

du

— = Au.

dt
Write symbolically and transform the above equation into a decoupled system with the

eigenvalue diagonalized matrix D (DIRERERFSE, F AR B AR F AR G EEH RS DY A
MRAERH A S ER G ER,)



(b) (543) Write the nondimensionalized spring equation

d?x B

ez =
in the matrix form

du A

— = Au.

dt

(c) (547) Find the eigenvalues and eigenvectors of matrix A. Discuss the phase and peri-
odicity of the eigenvectors.

(d) (547) Transform the nondimensionalized spring matrix equation into the eigenvector
and find the decoupled system.

4 (1047) zRMT AR E BN & nRE, v BT SR E. F 5 FIHERIER

dx
haind 3 =1 —axy — kisz1 + k21x27
dt

dx

d_tQ = —ﬁgL‘Q + k1221 — k21x27

Hr ISR EANBERE, —ax BB WIEERSEZE, — o i S, 8. TITEHEARIEZE, koyao A
Fkiow Bo By RESHER, FHEUA LR K EEE R wmREE ZAERESE. frsBIE. BEL
KA EhE, Btz AR (THEAER).

5 (4047) Formulate or discuss the differential equations in the following occasions. You do
not need to solve the equation(s).

(a) (543) Malthusian model.

(b) (543) Logistic Models.
dP P
=kP(1—- —
dt ( M )
fERESM MEREAHE ( carrying capacity of the environment).
(c) (543) Percentage of the task learned at any time if the rate of learning is the percentage
of a task not learned.

(d) (543) Let X and Y be the population of the predator (f#&%) and the prey (##HEH)
respectively. Write a nonlinear system of ODEs for dX/dt and dY/dt.

(e) (547) MRTAIHRALES,

dx 1

= (1= 2 —

7 z(1 -5z —y),
dy x



TR IREURE S A7 AR L R B E IR, HEe I G, R RN TE
27

(f) (59) BETIIHEACESR,

dx

priak i 2% — \/zy,
dy 2
Y-y —

AE BRSO EEON? A EREEE LR, L—E TaBF N7 MRS TEHRK?

(2) (547) WHImMELE [SIERIEE, 26 AL, BRG] Ak A58 IS B 8 3 A4 A
FtE, BHB—ERRELE [THA

(h) (54 BHMEREHABRHE Logistic equation, I ANEERZ AIER, B2 EEHHERWERSE
AREE DR T REE B .

6 (2543, ERE543) Solve the following first order ODEs with yg as the initial condition.
(a) dy/dt = —ay, (b) dy/dt =1—y

(c) dy/dt =y — y?, (d) dy/dt + \y = foe’*.

()

e) Explain why the solution of the equation

(
)

dy
A
dt Y
is bounded by 1 (i.e. y — 1, as ¢ — o0). Also explain why y gets slower and slower
approaching to 1.

7 (104r) Formulate the differential equations in the following occasions and to briefly
explain the equation you write. [No need to solve the equation.] Suppose the rate of
increase of the # A population of the #JE% proportional to the current population, with
some fixed proportionality constant a (in unit of year—!). At certain point, say at year to,
the #JEE decides to foster A . BL immigration, which thereforth occurs at the constant
level of b individuals per year (continuously, of course). It is also assumed that #1fF with ¢
individuals came to $#JEE at year tg only. It is assumed that A, B+, H¥ immigrants
assimilate (merged) immediately and do not affect the rate a.



