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Politics are for the moment
An equation is for eternity

但覺高歌有鬼神
不知餓死填溝壑
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Richardson’s Dream

4

18000 vacuum tubes
70000 resistors
10000 capacitor
6000   switches

140 K Watts power

No high-level language
Assembly language

500 Flops
Function Table 0.001 s

Electronic Numerical Integrator and 
Computer

3,700,000,000 times slower than current day large computer

第一部電腦 氣象預報
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南北半球 對於3，5，7天之預報能力隨時間的進展

南北差異日漸減少主要是由於近年來衛星觀測以及資料同化技術日漸成熟

7天預報一年進步約1.5%，3天預報一年進步0.3%

預
報
能
力
指
標

年代
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Total Forecast Error

0

50

100

150

200

250

300

350

400

450

500

19
74

19
76

19
78

19
80

19
82

19
84

19
86

19
88

19
90

19
92

19
94

19
96

19
98

20
00

20
02

20
04

20
06

Year

N
au

ti
ca

l M
ile

s

24 Hr 5 Yr Ave

48 Hr 5 Yr Ave

72 Hr 5 Yr Ave

USPACOM GOAL

West Pac Track Errors Edward Fukada

JTWC

Error cut in half since 1990

美國飛機停止觀測 台灣飛機觀測

1



7

No progress with intensity
James L. Franklin

NHC/TPC

8

能量估計值 備註

賀伯颱風降雨總潛
熱能量

10 20 J
可使台灣整
層大氣增溫

100度

台灣一年用電量 5*10 17 J
需數百年用
電量才相當

全世界核子彈爆炸
釋放能量

2*10 19

~2*10 20 J
與賀伯颱風

同等級

核戰後燃燒釋放
能量

2*10 20 J
與賀伯颱風

同等級

地球一天接受的太
陽能量

1.5*10 22 J
數百個賀伯

颱風

Tunguska隕石撞地
球 （西元1908年，

西伯利亞）
10 16 J

賀伯颱風的
萬分之一

火流星撞地球（恐
龍滅絕？）

4*10 23 J
數千個賀伯

颱風

颱風潛熱與其它
能量的比較

賀伯颱風的全台灣平均總雨量

為400mm

400 mm = 0.4 m

0.4 m * 1000 kg m-3 * 2.5×106 J kg-
1

= 109 J m2

109 J m2 * 3.5×1010 m2

= 3.5×1019 J ~1020J

n3KrBaUn 1
0

91
36

142
56

235
92

1
0 

1.68* m * 1013J /mol

1.46×106 kg U 235 ( 6*106 mol )
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解析度不足以解析雲
解析度不足以解析Upscale Transport
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讀 算 寫
幾何
代數

微積分
電腦計算繪圖

數學建模/科學計算
Mathematical Modeling
Scientific Computing

+      - x      /
加、減 乘、除
線性 非線性
大題大作 小題大作
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This model will be a simplification and an 
idealization, and consequently a falsification. It is 
to be hoped that the features retained for 
discussion are those of greatest importance in 
the present stage of knowledge. 

Turing The Chemical Basis of Morphogenesis

Fovell, 2008 高雄
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君子致用在乎經邦，經邦在乎立事，立事在乎師
古，師古在乎隨時。必參古今之宜，
窮終始之要，始可以度其古，中可以行於今。通典

共49個字，假設中文常用字為1000字，共有10^147個選擇

地球歷史 10^18 sec
10^10 一百億隻猴子在打字，假設每秒鐘打一萬字 10^4，

10^10*10^18*10^4 = 10^32

10^32/10^147=10^(-115)  ~  0   機率為零 ，不可能的巧合！

研究學問是苦心孤詣的事業！ 不要人云亦云！

“Six monkeys, set to strum unintelligently 
on typewriters for millions of years, would
be bound in time to write all the books 
in the British Museum.” Huxley
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?0 2

2


dx

yd

dx

dy

)(xfy y

x x : 努力

y : 成就

一分耕耘 ， 一分收穫？？

線性

非線性

函數 Function

(因果）
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你快樂嗎？ㄧ個簡單的生涯規劃動力系統

u：快樂指數

x:考試作業量

y:玩魔獸的時間

>0 <0天縱英明的資優生 >0<0<0

考試越少越不快樂，
玩魔獸的時間越多越不快樂>0 考試越多越快樂

<0 電動越玩越不快樂
人的個性

人的境遇

個性+境遇=人生
相形不如論心
論心不如則術
形不勝心
心不勝術 荀子非相

15 16

Isaac Newton

Principia 1687

Nature and nature’s law 
lay hid in night,
God said,
Let Newton be,
and all was light.     A. Pope
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If the astronomers can make 
Accurate 76-year forecasts, 
Why can’t the Meteorologists do
the same?

Size of the problem
大氣海洋自由度無限 ＋ 熱力學

Order versus chaos
大氣海洋的混沌、蝴蝶效應

18

Halley 1686

First proposed the atmospheric 
motion is connected with the 
distribution of sun heat
(follow the sun in the daily scale;
thus wind is westward.)

Fujita, 1971
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Halley  1686

Sun heat

D’Alembert 1746

Solar and Lunar force

20

Hadley (1685-1758)

Distribution of sun heating
(north and south; 
seasonal scale)

Earth rotation (conservation of 
angular momentum)  

Thomson (1857)
Ferrel (1859)

Centrifugal force

Coriolis 1835

D’Alembert  1746

Math. Model for Atmospheric Motion 
in aqua-planet
(Won the 1746 Berlin Academy’s 
Award; Euler’s endorsement)

Solar and Lunar Force

Fourier 1768-1830

Why the earth not heating up when 
receive sun energy continuously?

Heat emission or diffusion  (by IR)

His calculations showed a very cold 
surface (No green house effect) 

Arrhenius 1896

CO2 green house effect, but were 
dismissed by scientists  [WHY??]

21

Bruegel, Pieter, the Younger
< Winter Landscape (1601) >

氣候變遷 Warming trend begins 1700A.D.

1700

維京人

22

年際變化季節預報1988 1993

風雨之不時，是無世而不常有之。 荀子天論

23
- + - +

24
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February, 1973

Reports that the world’s 
climatologists are agreed
that “we must prepare for 

the next ice age.”
26

27

比熱
specific 
heat

反照率 albedo

比熱 海水 深層海水

反照率 冰雪 雲 (IPCC沒討論的因素，氣象最大的挑戰）

太陽常數 天文因素 太陽物理

EarthSun energy

28

TEMP

S↓

IR↑

TEMP

S - IR

IR↑～σΤ4

2 stable multiple equilibria

~273K

29

洋流－深海循環

30

1957

2004

Net

Bryden and Longworth Nature 2005
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Geophysical Fluid Dynamics (GFD)
Atmospheric Oceanic Fluid Dynamics (AOFD)
is for those interested in doing research in the physics, 
chemistry, and/or biology of Earth fluid environment.

20th Century

32

θ
S

σθBuoyancy
(density)

Ocean Spice

Stratification
層化
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Wave mean flow interaction in stable stratified fluid
Turbulent feed back to the vortex mean flow

2D turbulence

Multiple Scale Interactions in Vortex

34

Lagrange 1781

Euler 1755

Rotation   Vortex
Lorentz Force Law

熱力學 ＋ 流體力學

35

Coriolis Force

Non-inertial Frame

旋轉
Rotation

36

Kelvin Waves
Edge waves

Gravity waves

Waves with zero potential vorticity

Non-rotation                             rotation                   rotation          
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3D                                         2D  (strong rotation)

Taylor columns Vortex Tubes

Vortices with sharp edge

Kyoto Univ. GFD group
38

2D Turbulence

Stratification and/or Rotation
Vortex    Waves    Turbulence

 2

),(

),(
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Enstrophy moves 
toward small scales

Kinetic energy moves
toward large scales

40

   2,J
t





      2

Non-divergent barotropic  model (Nearly Inviscid Fluid)

The energy and enstrophy relations

Z  2
dt

dE

P  2
dt

dZ
dydx   

2

1
 2Z

  dydxvu     
2

1
 22  E

dydx   
2

1
   P

kinetic energy 

enstrophy

palinstrophy

Batchelor 1969
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KE nearly conserved

Enstrophy cascade

Selective Decay of
2D turbulenceStirring

Mixing

42

E ~ p’2 / L2     (KE)        geostrophy

Z ~ p’2 /  L4   (Enstrophy)

KE nearly conserved      L ~  p’

Enstrophy cascade         L     (L increase     Z decrease)

Selective Decay of 2D turbulence

The vortices become, on the average,
larger, stronger, and fewer.

Merger and Axisymmetrization Dynamics
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Fewer and stronger vortices  !!!
Coherent structure with filamentations 
in 2-D turbulence

小尺度變大尺度

44

Weiss(1981,1991), Rozoff et al. (2004)

Q > 0 (strain dominates)

vorticity gradient will be stretched

Q < 0 (vorticity dominates)

vortex is stable   (survival of eyewall meso-vortices)
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Conserves the 
angular 
impulse

Melander et al. 
1986

Vorticity

(km)
46

Electron density redistribution in experimental plasma physics 

driftBE




Coriolis force

single sign charge
+

axial magnetic field
confinement

Core is protected, thin filaments from edges

B

E

Axisymmetrization 軸對稱化

47

Huang and Robinson
1998

Forcing added

Inverse energy cascade 
to zonal Harmonics

48

The Great Red Spot

Alternating Zonal 
Structures

Rotational period  9.84hr

Jupiter

Huang and Robinson  1998
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Importance of Asymmetric Vorticity Dynamics

A case where MPI theory failed!  (Montgomery 2006)
50

Observations of deformation and 
mixing of the total ozone field in the 
Antarctic polar vortex

Bowmen and Mangus (1993)

Fig.1: Daily TOMS images of total ozone
in the Southern Hemisphere for six 
consecutive days in October 1983.
Latitude circles are drawn at 40°,60°,
and 80 °S. The outermost latitude is 
20 °S.

臭氧洞衛星觀測

核心空氣被渦旋鎖住

細絲帶

51(Adapted from Dritschel and Waugh 1992.)

Complete Merger

Complete Straining Out Partial 
Straining Out

Partial Merger

Elastic 
Interaction

52

雙颱風互繞（藤原效應）合併 ---- 颱風 PAT 與 RUTH

中尺度對流系統互繞 Simpson et al. 1998

53

颱風渦旋合併動力探討研究

Kuo, H.-C., G. T.-J. Chen, and C.-H. Lin, 2000: Merging processes of tropical 
cyclone Zeb and Alex. Mon. Wea. Rev., 128, 2967-2975. 

Clear gap between the Zeb and the remains of Alex

Alex

Zeb

Alex

Zeb

Alex

Zeb
Zeb

54
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0935-1935 LST

Typhoon Lekima  (2001) 
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Kuo et al. 2009
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PN
+-

PP
++

NN
--

NP
-+
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Examples of asymmetric 
symmetric concentric formations. 

~ 12 hours.

Initial  (outer deep convection 
region - vortex core distance):

Typhoon Dujuan: nearly 0 km
Typhoon Imbudo nearly 50 km
Typhoon Maemi: nearly 100 km
Typhoon Winnie nearly 260km

A wide range of radii of concentric 
eyewalls

Kuo et al. 2008

59

Examples of 
the vorticity field at 
hour 12, 
showing different 
classifications of binary 
vortex interactions 
involving a skirted core 
vortex.

Straining
out

Concentric

Tripole

Merger

Elastic
Interaction

60

Rankine vortex ( = 1.0)
favors the formation of a 
concentric structure closer 
to the core vortex, while 
the  = 0.7 and  = 0.5
vortices favor the 
formation of concentric 
structures farther from the 
core vortex.

Kuo et al. 2008 MWR
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61

Terwey and Montgomery,  June JGR 2008
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Numerical Method 

 Grids Method

 Series Method

Finite Difference
Finite Volume

Finite Element
Spectral Method

63

Spectral Method

1. Completeness（完整性）

2. Orthogonality（正交性）

3. Speed of convergence（收斂速度）

4. Fast Transform（快速轉換）

Sturm-Liouville equation

Sufficient condition

Application

 nnaf 

64

Orthogonal; no matrix solving

Finite element; tridiagonal matrix

Residual orthogonal to the basis function,
Smallest error in the least square sense;

Series Expansion Method

65

1768-1830

Fourier,  Jean Baptiste Joseph

f(x)  does not have to be analytical;
f(x)  does not have to be periodic.

1807 at age  39; argued with Lagrange and 
Laplace on the representation of a triangle 
wave with cosine and sine function.

Heat emission or diffusion  (by IR)

His calculations showed a very cold 
surface (No green house effect) 

66

Pafnuty Lvovich Chebyshev 

Russian mathematician
( 1821～1894 )

Wikipedia

Moscow State University Saint Petersburg 
State University 

Main contributions:
Probability
Statistics
Number theory

Chebyshev’s inequality
Bertrand-Chebyshev theorem

Chebyshev polynomials
Chebyshev filter
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Cornelius Lanczos

Hungarian  mathematician & physicist
( 1893～1974 ) 

Wikipedia

1928 ～ 1929: He served as an 
assistant to Albert Einstein.

Main Contributions:
General relativity
Quantum mechanics
Applied and computational
mathematics

Fast Fourier Transform ( FFT )
Chebyshev Tau method
ill-posed problems

Technical University of Budapest      University of Freiburg    Purdue University 
Theoretical Physics Department at the Dublin Institute ( 1952 ~ 1974 )  

68
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Integration by parts twice, we have
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If boundary term does not vanish
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Boundary term

algebraic convergence

Speed of Convergence -- Efficiency
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Exponential Convergence
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0

,  p sufficiently large

the speed of convergence depends 
only on the smoothness of the function.

0)()(  bPaP 0) (  b

ann ffP 

Chebyshev Equation – Sturm-Liouville Singular Problem

If  f is p times differentiable, 
we can do integration by parts p times.

Exponential Convergence

70

 Matrix operation 
Ax = y   O(N2)

 Inner Product  < u , n >   O(N2)
FFT , Chebyshev Transform   O(N)

 Gaussian Elimination 
A-1b = x   O(N3)

 Relaxation (Gauss-Seidel method) 
▽-2 y = x   O(N4 ) for 2D O(N2) degrees of freedom

Efficient Methods：

O(N) operations for O(N) degrees of freedom

Accuracy: same CPU time, more accurate solution

Efficiency: same accuracy, less CPU time

71

Chebyshev Polynomials

n
n )1()1(T 

1)1(Tn 

 nTn cos)(cos 
cosx

)x(xT2)x(T)x(T n1n1n  

Recurrence Formula:

72

Fast Chebyshev Transform

Transform pair is:

spectral space to physical space

General Transform

Fast Transform
)ln(2

)ln(1
2 NNOD

NNOD

physical space to spectral space

 nTn cos)(cos 
cosx

Chebyshev Polynomials

 Could take advantage of Fast Fourier Transform ( FFT ) 
( Cooley and Tukey, 1965 )

)(2

)(1
3

2

NOD

NOD

 kk uu ,ˆ

 kkuu ˆ

12



73

Fulton & Schubert ( 1987 a )

COL error exponential convergence

FD error algebraic convergence

Performance of Chebyshev Collocation Method

0
x

u

t

u







Linear Advection Equation

74

Application of Chebyshev Spectral Method 
in Oceanic Modeling

 Haidvogel ( 1976 )

With pseudospectral method, employing an 
orthogonal expansion in Fourier and Chebyshev 
functions, to investigate the sensitivity and 
predictability of mesoscale eddies in an idealized 
model ocean. x

y

F
ou

rie
r

Chebyshev

y

x

Mean Eddy

Stream function
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Application of Chebyshev Spectral Method 
in Atmospheric Modeling

 Kuo & Schubert ( 1988 )

Applied the Fourier-Chebyshev method
in a Boussinesq nonhydrostatic model to 
study the entrainment instability of 
marine boundary layer stratocumulus.

Fourier

C
h

e
b

ys
h

e
v

Initial field 20 mins 40 mins

76

Domain Decomposition

PC cluster

N

Original Problem:

1) Same degree of freedom
less time
increase Efficiency

2)  Same time
more degree of freedom
increase Accuracy

4

N

4

N

4

N

4

N

N N N N

Domain Decomposition:

77

Domain decomposition and
communication

78

Burger’s equation:

Advection, Diffusion, Non-linear shock formation

MODEL PROBLEMS

2
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u
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u
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Advection Equation with 
Chebyshev Domain Decomposition

0 0.25 0.5 0.75
-0.25

0
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 = 0.04

 

 

Analytical
FD4
COL n=24,M=4
COL n=96,M=1

0 50 100 150 200 250 300
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 = 0.04,  t = 0.0001

 

 

M = 1
M = 2
M = 4
M = 8

Exponential Convergence
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Inviscid Burger’s Equation

• Atan IC
• Analytic sol. obtained 

by fixed point iteration 
(tol. = 10-12)

• BCs are give as 
analytic sol. at 
boundaries

• Scale collapse at t=1
• Aim to find error 

confinement

-1 -0.5 0 0.5 1
-1

-0.5

0

0.5

1

1.5

2

X

u(
x,

1)

Ubar = 0.5, M = 1, n = 80

 

 

Analytical
COL N=18, M=2
Initial
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Inviscid Burger’s Equation  
Shock formation with advection
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COL N=72, M=1
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Analytical
COL N=24, M=3

-1 -0.5 0 0.5 1
-0.1

-0.05

0

0.05

0.1

0.15

X

E
rr
or

Ubar = 0.5, Pos = -0.5, M = 1, n = 72

-1 -0.5 0 0.5 1
-0.1

-0.05

0

0.05

0.1

0.15

X

E
rr
or

Ubar = 0.5, Pos = -0.5, M = 3, n = 24
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Additional Speed-up Factor

• Speed-up

• NM/N1 as x

• ΔtM/Δt1 as y

• Slope = Additional Sp!

• As large as 6!!

• Max. 48 times faster!!

83

Shallow Water Equation

where

84

Shallow Water Equation
• Initial Condition

• Domain Decomposition : Overset

where

14
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Single Domain Domain Decomposition 2*1

Domain Decomposition
Numerical Results

86

Domain Decomposition
Numerical Results

Single Domain Domain Decomposition 2*1
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Domain Decomposition
Numerical Results

Single Domain Domain Decomposition 2*1
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Domain Decomposition
Numerical Results

Single Domain Domain Decomposition(2*2)
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Domain Decomposition
Numerical Results

Single Domain Domain Decomposition(2*2)

90

Domain Decomposition
Numerical Results

Single Domain Domain Decomposition(2*2)

15
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Domain Decomposition
Numerical Results

Single Domain Domain Decomposition(2*2)
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Domain Decomposition
Numerical Results

Domain Decomposition(2*2)Single Domain

93 94

Example of Domain Decomposition:  CReSS Model (Tiling) 7 days simulation 

Precipitation rate (mm/hr) at 5 days from initial time. 

Red line: JMA best track of Typhoon 18.

95

Coffee with white

A coffee lover’s dream:
The best part of waking up, is the vortex in your cup!

渦旋

渦旋 96

Transform Pair

To get        in computer,kû


 

kk

kk

uu

uu




,  ˆ

ˆ

 
j

jjkjkk xxxuuu )()( ,   ˆ 

Let                     and uuk ˆˆ uxu j )(

then  A matrix has components )( jk x

uAu ˆ matrix multip )( 2NO

2D model )( 3NO

Fast Transform
(FFT, Fast Chebyshev Transform) )ln(2

)ln(1
2 NNOD

NNOD

16



97

If



Fourier series

)(xk from Sturm-Liouville equations

(1) orthonormal in the inner product

(2) form a complete set
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Lgendre function
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If



Chebyshev series

2
1

2
1
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x
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d
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d

 Fourier, Legendre functions 
have been used in global spectral model

 Chebyshev functions 
are used in the limited area spectral modeling
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)(

)(( xxWxxq
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d 
Example:
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Finite Difference Method
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Transform pair is

spectral space to physical space

physical space to spectral space
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Example of the Gibbs phenomenon 

for a step function.
[From Sommerfeld (1949).]
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Rule:

Chebyshev expansions 
converge rapidly 
when at least       polynomial are 
retained per wavelength
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Chebyshev Transform  vs. FFT

Fast Fourier 
Transform

Fast Chebyshev
Transform

)
a

x
exp(

2

Unusual scale dependent accuracy
Kuo & Williams ( 1998 )
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Theoretical Speedup
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n: number of working processors

s: time spent by the sequential portion of the code

p: time spent by the parallel portion of the code
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Domain Decomposition MPI
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 Geostrophic Adjusment
C-grid for Finite Differences 
Z-grid for Spectral and Finite Element

 Axisymmetrization Dynamics
r2 conserved

 Selective Decay (Statistical Dynamics)

 Improvement over simple ▽2 diffusion
in global or regional or hurricane models

 Anticipated potential vorticity method

 Sadourny and Basdevant 1985

 Arakawa and Hsu 1990

 Kazantsev et al. 1998 (Boltzmann mixing entropy 
maximized under energy conservation constraint)

 Coherent Structure vs 2D Turbulences

Reliable And Efficient Methods Exist

More Issues Need To Be Considered Other Than Efficiency !!
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 Conservations :
Enstrophy, Vorticity, Kinetic Energy, Available Potential 
Energy, Water Substance, angular momentum etc

 Topography
hurricane spin-down, turbulence structure

 Positive Definite Method

 Hybrid   coordinate
(quasi-Lagrangian vertical corrdinate)

High Resolution Direct Simulations
Cumulus Parameterization Abandoned?!
Direct simulations of Micro-states

Collective Effects, Scale Interactions
Statistical Physics, Macro Model
Efficient Numerical Methods
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 Chebyshev Collocation Method: Doing derivation in spectral 
space, then inverse transform to physical space to do 
integration, applying boundary conditions in physical space. 
( pseudospectral )

 Chebyshev Tau Method: Doing all derivation, integration, 
and applying boundary conditions in spectral space, after all, 
inverse transform to physical space.
( Lanczos, 1938b, 1952c,d, 1956 )

Chebyshev Collocation & Tau Method
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1717-1783

D’Alembert Solution of the Wave Equation
[f(x + ct) and f(x-ct)]

Atmospheric Motion first expressed mathematically
(Won the 1746 Berlin Academy’s Award; aqua-planet
Endorsement of Euler)

Solar and Lunar Force Cause the Atmopheric Motion

D’Alembert Paradox

Re small  viscosity important
Re large  viscosity unimportant

18
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Development of Thermodynamics  

19 century 

 

First law: Energy is what makes it go and 
energy is conserved. 
    △Q = △U + WORK 

Second law: Entropy tells it where to go! 
 
Joule, Rudolf Clausius, Lord Kelvin and 

others 

 

Macro   ---   Micro    

Classical and Statistical Thermodynamics 

 

Ludwig Boltzmann, 1844-1906, whose work led 

to an understanding of the macroscopic world on 

the basis of molecular dynamics. 

          S = k Log W 
 

熱力學

第一定律

第二定律

統計熱力學

雲微物理
Precipitation

Enthalpy
Entropy
Gibbs Free energy

宏觀 微觀

能量作功，能量守恆

時間之矢，自然單向

110

 
)1(

2

5

2




TK

hc

e

hc
TB






Planck, Unwilling Revolutionary: the idea of quantization 

Hall of Fame in Science

Gravitational Law

Blackbody Radiation

E= MC^2

1900
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Momentum 
Conservation (18)

Mass conservation (18)

Energy conservation (19)

Equation of State(17,18,19)

Radiation

(19,20)

Moisture
Latent heat

問蒼茫大氣，誰主浮沈？
質量、動量、能量與大氣狀態方程式

雲物理
(19,20)

大氣輻射

科氏力(18 19)

(19)

112
Peter Lynch

113

13×13=169個ODE

169 自由度

114
In front of the Eniac, Aberdeen Proving Ground, April 4, 1950, on the occasion of the first 
numerical weather computations carried out with the aid of a high-speed computer.

Wexler
Frankel

von 
Neumann

Namias

Freeman

Fjortoft
Reichelderfer

Charney

first weather forecast – ENIAC, 1950

19
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Nonlinear computational instability
and the Arakawa Jacobian (1966)

When the Arakawa Jacobian is used for the advection 
terms in the QG baroclinic model, together with the vertical 
differencing, the sum of kinetic energy and available 
potential energy is conserved, as well as potential 
enstrophy, in the absence of heating and friction.

energy and enstrophy conservation

穩定的大氣，大氣環流之數值模式

),( J

Nonlinear energy transfer

Aliasing error
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Orthogonality of Chebyshev series
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Rotation time scale / Advective time scale      

Diffusion time scale / Advective time scale

Singular Perturbation Problems
Quasi-balanced Dynamics

Geostrophy
Rotation Dynamics

Boundary Layer Dynamics
Nearly Invicid
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Speed of convergence

 Efficiency
 Boundary condition
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Integrate by parts twice, we have
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If boundary term not vanish
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 Boundary term

algebraic convergence
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Nonsingular Problem ],[on      0 baP 

for

we need

 Periodic domain

 Exponential Convergence

※ This is the case for Fourier Series

0) (  b

ann ffP 

0  b

ann ff 

Singular Problem 0)()(  bPaP

then

Regardless of the behavior of f(x) near the boundary a, b

Exponential Convergence

※ This is the case for Legendre and Chebyshev polynomials

0) (  b

ann ffP 
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If

and         is p times differentiable

We can do integration by parts p times

 Exponential convergence

When boundary terms vanished, 
the speed of convergence 
depends on the smoothness of the function.
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