Two-Dimensional Turblence, Typhoon Dynamics ,
and Chebyshev Spectral Method
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Richardson’s Dream
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64,000 Computers: wissively Parallel Processor

Electronic Numerical Integrator and
The ENIAC Computer

18000 vacuum tubes
70000 resistors

10000 capacitor

6000 switches

140 K Watts power

No high-level language
Assembly language

500 Flops
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3,700,000,000 times slower than current day large computer
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No progress with intensity

NHC Official Intensity Error Trend James L. Franklin
Atantic Basin NHC/TPC
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Mathematical Modeling ™

+ - /
RIRRG +e - [
s A

Fovell, 2008 ﬁi,'Ji%

This model will be a simplification and an
idealization, and consequently a falsification. It is
to be hoped that the features retained for
discussion are those of greatest importance in
the present stage of knowledge.

Turi NQg The Chemical Basis of Morphogenesis 1

“Six monkeys, set to strum unintelligently
on typewriters for millions of years, would
be bound in time to write all the books

in the British Museum.” Huxley

2FART ATEM, MBS 2 > 2F AT
TR ATEF LRy S LW
BRIZEH>HTURE S > P FUEWS ouy
49 ISF%“HW ﬁ]'ﬂ]ﬂ",&.moooﬂ»* » HE 100147 il

PPl 10718 sec
10710 - FIflBIR 47 BT fid 100

107 10%10718*1074 = 10732
10°32/10°147=10°(-115) ~ 0 #a#% » TRFHCSH !

FLERELFTernapgE i |

EE - PR




- AEFE 0 - /.)*FU}’E? ?
8 Function ﬂ‘

(20)
y y = f(x)

y P \

s

v

>O:>7:? X X: %4
dx dx? -

(n-Bhel P s BB LR

S

u i g du  Oudr " dudy
= R T Dy dt
g pEEE dt  Ordt  Oydt
a2 Ty
TEREPATHEL <0 300 <0 >0

" SR
PR PR T A £ AR T

CEORE R tRg=L 2

i
TR0 T AR
or

u

—<0 TEARIART P

Ay 1835 H do
- %.u # 4o B 7
dt Hig 8 A5% BRs

dy

; R Y S
dt

F o ot
P~ pr*l?
It
5~
"
5
12 e 3200
— L =i
T 2132 2 4 8
P=nd~ ,h’"l" ~ G \

Figure 113, The — | /% power-law dependencs of the rowing time T 00 the aumber
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Isaac Newton
Principia 1687

Nature and nature’s law
lay hid in night,

TRERT God said,

Let Newton be,

and all was light. A. Pope
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Edmund Halley (1656-1742)

If the astronomers can make
Accurate 76-year forecasts,
Why can’t the Meteorologists dd
the same?

Size of the problem

Halley and his Comet 4 ,‘f AEFIBRRERY+#4F

Order versus chaos
L F A ERD Ytk
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Halley 1686

First proposed the atmospheric
motion is connected with the
distribution of sun heat

(follow the sun in the daily scale;
thus wind is westward.)

Fujita, 1971 =




Halley 1686

Sun heat

e’y Wk Mg Wit Clnruibasiomss

D’Alembert 1746

s
Solar and Lunar force

D’'Alembert 1746

Math. Model for Atmospheric Motion
in aqua-planet

(Won the 1746 Berlin Academy’s
Award; Euler's endorsement)

Solar and Lunar Force

Fourier 1768-1830

Fig 1 Tho same o Fig. 3, but o the anaral cscalarion
s b by Thommscn {17} s st | 145%)

Why the earth not heating up when
receive sun energy continuously?

Thomson (1857) Heat emission or diffusion (by IR)
Ferrel (1859)

Hadley (1685-1758)

His calculations showed a very cold
Distribution of sun heating surface (No green house effect)
(north and south;

seasonal scale)

Centrifugal force

Coriolis 1835  Arrhenius 1896

Earth rotation (conservation of
angular momentum) CO2 green house effect, but were

dismissed by scientists [WHY3g]
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Warming trend begins 1700A.D.

Bruegel, Pieter, the Younger
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Science Digest

"EXPANDIN

February, 1973

Reports that the world’s
climatologists are agreed
that “we must prepare for
the next ice age.”

June 24, 1974, story
showed how Arctic snow and ice had
grown from 1968 to 1974

SPECIAL REPORT GLOBAL WARMING
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2 stable multiple equilibria

Pacific

THERMOHALINE CIRCULATION - GREAT OCEAN CURRENT

circulation
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weqker“ng oGk Bryden and Longworth Nature 2005
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20th Century

Geophysical Fluid Dynamics (GFD)

Atmospheric Oceanic Fluid Dynamics (AOFD)

is for those interested in doing research in the physics,
chemistry, and/or biology of Earth fluid environment.

Atmospheric and
Oceanic Fluid Dynamics

Stratification

il

OceanSpice | A\

all T 7 N Buoyancy
(density)
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Multiple Scale Interactions in Vortex

Wave mean flow interaction in stable stratified fluid
Turbulent feed back to the vortex mean flow

2D turbulence -

BB + P

d > =
Euler 1755 m[ pudy = [ pas
]".
[ P{r.":‘ dv = _[ Vpdv
dit
Iz i Vp

Lagrange 1781

o 1 :
- -—Np-VK -Vd
it P
F=glE+v=B)

Rotation Vortex Lorentz Force Law g(—=VV +v = B)
34

540

Rotation

Coriolis Force

Non-inertial Frame

Waves with zero potential vorticity

Non-rotation rotation rotation

Kelvin Waves

Gravity waves
Edge waves

36




3D 2D (strong rotation)

Vortices with sharp edge

37
Kyoto Univ. GFD group

2D Turbulence

Stratification and/or Rotation

Vortex Waves Turbulence
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i(.f&"’zﬂ'?f’*) .0 Enstrophy moves
dt \ f Z(k)dk toward small sc@les

1
Z [m-pm =0.
dt |

Kinetic energy moves
toward large scales

Non-divergent barotropic model (Nearly Inviscid Fluid)

Seriv)-ovie [Vy=¢

The energy and enstrophy relations

dE E= 1(u2 +V2 Jdxdy Kinetic energy
1
Z= ” 2 ¢ dxdy enstrophy
dz
—=-20P 1 i
dt p :JJ' EVQV{ dxdy palinstrophy
Batchelor 1969 “0

KE & Enstrophy
T T

—v3.25
v6.5

va2.5
V975

\ KE nearly conserved

Enstrophy cascade

EN -

percent of initial value (%)

20 - C

0 12 24 36
Time (hr)

Palinstrophy
500 T T

Selective Decay of

s 2D turbulence

percent of initial value (%)

Time (hr) 2

E~p2/L2 (KE) geostrophy
Z~p?/ L* (Enstrophy)

KE nearly conserved L~ p’
Enstrophy cascade Lt (Lincrease Z decrease)
Selective Decay of 2D turbulence

The vortices become, on the average,
larger, stronger, and fewer.

Merger and Axisymmetrization Dynamics

42




1=0hr 1=24hr t=48hr

Vor 100 50 10 5 1 107"

E——— 300km
Fewer and stronger vortices !!!

R rg Coherent structure with filamentations

in 2-D turbulence "

Weiss(1981,1991), Rozoff et al. (2004)
D
E(V§)=—J(VW,§)

VL) < oxp(At) A :i%f - J_r%,/sf 1S

S, = NN (stretch deformation)
ox oy

S, = ﬂ+a— (shear deformation)
ox oy

Q > 0 (strain dominates)
—>vorticity gradient will be stretched
Q < 0 (vorticity dominates)
-vortex is stable (survival of eyewall meso-vortices)
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Time= Ohr Time= Bhr ' Vorticity

Time = 12 hr

angular
impulse

[(a* + )¢ dudy

Melander et al.

1986 45

Electron density redistribution in experimental plasma physics

single Slgn charge Axisymmetrization $h ¥+ i

axial magnetic fie netlc field

confinement
E--Vu
V.E--vy-£
€
B
ExB  drift
E

Coriolis force

Core is protected, thin filaments from edge§16

Huang and Robinson
1998

Forcing added — 4 |

Inverse energy ascade
to zonal Harmonics '

pectrum Fin. ) of w ensemble mean al day 50 of 10 decaying nrbulence exper-

mes ude of the spectrum is normalized by the maximum value on the map. Contour
Jevels e DAL 001, 001, 01 05 with incrsnen 011 Area i En ) » 0.1 is Tightly shaded,
Eom, ) > 0.2 heavily shaded

Rotational period 9.84hr

VI Tale 1t ugu opun circles iz 31 Eah y\d on the
ahscissa represents | m

Huang and Robinson 1998

Alternating Zonal
Structures
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[Fic. 2. Evolution of vorticity (shaded) and i ion con-

tours (bold) for the numerical experiment of Kossin and  MESCVOATICES [N HURRICANE 1SABEL]
[Schubert (2001). Yalues along the label bar are in units of
107 57'. The shape of the streamlines transitions from a penta-
fzon to a hexagon and back to a pentagon over & h.

Importance of Asymmetric Vorticity Dynamics

1o P, K s Wt B Sooenmet

A case where MPI theory failed! (Montgomery 2006) .

Bowmen and Mangus (1993)

B

Observations of deformation and
mixing of the total ozone field in the
Antarctic polar vortex

P R
R

Fig.1: Daily TOMS images of total ozone
in the Southern Hemisphere for six
consecutive days in October 1983.
Latitude circles are drawn at 40°,60°,
and 80 °S. The outermost latitude is
20°S.

Partial Merger

Complete Merger

Elastic
Interactipn

&R

Partial
Straining Out

Complete Straining Out

(Adapted from Dritschel and Waugh 1992.)
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Kuo, H.-C., G. T.-J. Chen, and C.-H. Lin, 2000: Merging processes of tropical
cyclone Zeb and Alex. Mon. Wea. Rev., 128, 2967-2975.
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Clear gap between the Zeb and the remains of Alex




Typhoon Lekima (2001)

0935-1935 LST

e K il
' EXPd1 T= 0.00 hr

Kuo et al. 2009
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Kuo et al. 2008
Dujuan
(2003)

Examples of asymmetric =
symmetric concentric formations.

~ 12 hours. Imbuda
(2003)

Initial A (outer deep convection
region - vortex core distance):

1997 Winnie )
-J-”.L.;X;PI"L NN Typhoon Dujuan: nearly 0 km
- Typhoon Imbudo nearly 50 km  #aers
Typhoon Maemi: nearly 100 km
Typhoon Winnie nearly 260km
A wide range of radii of concentric
eyewalls e
NP (19571
-+
57
= = = Rankine vortex (a. = 1.0)
. P (c) r=14 -
Examples of Straining "~ . e (™ favors the formation of a
the vorticity field at out S concentric structure closer
hour 12, to the core vortex, while

showing different

I . ) = o
classmlcatlons.of binary Concentric ,/.} {. ;
vortex interactions ) et
involving a skirted core
vortex.
Tripole @
p
Merger . \.\}
L]
Elastic .
Interaction
. o
et 30100 S0 25
200 km

thea=0.7and a=0.5
vortices favor the
formation of concentric
structures farther from the
core vortex.

60
Kuo et al. 2008 MWR
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Terwey and Montgomery, June JGR 2008
(LM TERWEY AND MONTGOMERY: MODELED SECONDARY EVEWALL FORMATION (UM

Tabde 1. List of Secondary Eyewall Formation Hypotheses With Suswmnary of Revance 1 cur Modelad Humicanes”
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Possitle explusnoe N

Nomg and Emanued [200] Mol cuplanation \
Possible explursten w

[ ——
Numerical Method

Finite Difference

O Grids Method — k Finite Volume

Finite Element

O Series Method = {Spectral Method

62

Spectral Method =2 a4,
|

1. Completeness (= #4%) —— Sufficient condition

2. Orthogonality (i % {)

3. Speed of convergence (cacid & ) Application
4. Fast Transform ( }-if # 4% )
Sturm-Liouville equation
d . ;
Lolr) = —;—{p[.r)u’{.r]} + qglaolr) = AW (r)olr)
EE

with snitable boundary conditions and restrictions on funcetions plr),
gl ), W), we have a conntably infinite set of solutions {o, (@)},

corresponding to diserete eigenvalues { A}, 63

Series Expansion Method

v
{-i + Lu=0 Qypn = ("I)m (') (I]u{“')}
ot
N
. I'rnaz L(I)”.',(I),.'
uy = Zr-’_j{f}(]}j{.!’) mn = (). &m(2))
dii,, .
iy T 'Jrrrr no= 0
Riaiy) = 2N 4 puy g T Ommte
: ot
O = {Smn

{R{I 'r"m } (I)N('r)} =0

i . . Orthogonal; no matrix solving
Residual orthogonal to the basis function,
Smallest error in the least square sense; Finite element; tridiagonal matrix

64

Fourier, Jean Baptiste Joseph

fla) =) fue®

}‘.}' = — /7 f[.]']n’_”"rhf.l'
J0

1768-1830

Heat emission or diffusion (by IR)

1807 at age 39; argued with Lagrange and
Laplace on the representation of a triangle
wave with cosine and sine function.

His calculations showed a very cold
surface (No green house effect)

f(x) does not have to be analytical;
f(x) does not have to be periodic®

Pafnuty Lvovich Chebyshev

Wikipedia
Saint Petersburg
State University

Russian mathematician ~ Moscow State University

(1821~1894)

Main contributions:
Probability
{ Statistics
Number theory
= Chebyshev’s inequality
| = Bertrand-Chebyshev theorem
Chebyshev polynomials

=> Chebyshev filter
66
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Cornelius Lanczos

Hungarian mathematician & physicist 1928 ~ 1929: He served as an
(1893~1974)

assistant to Albert Einstein.

Main Contributions:
General relativity
{ Quantum mechanics
Applied and computational
mathematics
= Fast Fourier Transform ( FFT))
=> Chebyshev Tau method
= ill-posed problems

Technical University of Budapest — University of Freiburg — Purdue University
— Theoretical Physics Department at the Dublin Institute ( 1952 ~ 1974 )

Speed of Convergence -- Efficiency

f=>ag
a,=<f,g,>w
= [7£ (04, 00W ()
—— [ 0[O0 (T + (@), 0}
Integration by parnts twice, we have

1 , , 1 Lf
a,=—[p(f' ¢~ tg)] ot (4.
A s w Boundary term

If boundary term does not vanish

1
a, o O(/T) algebraic convergence .
n

67
|
Exponential Convergence
———————

1 1 Lf
a=— o= )]0+ — —
i L G Bl Gl

o
If f is p times differentiable,

we can do integration by parts p times.

1

/‘an

Exponential Convergence

a, «O(—) , p sufficiently large

Chebyshev Equation — Sturm-Liouville Singular Problem
P(a)=P(b)=0 — P(f'¢,—fg) =0

the speed of convergence depends
only on the smoothness of the function. 69

Efficient Methods :
O(N) operations for O(N) degrees of freedom

® Matrix operation
Ax=y O(N?

® Inner Product <u, ¢,> O(N?
FFT , Chebyshev Transform O(N)
® Gaussian Elimination
Alb=x ON?

® Relaxation (Gauss-Seidel method)
V2y=x O(N*) for 2D O(N?) degrees of freedom

Accuracy: same CPU time, more accurate solution

Efficiency: same accuracy, less CPU time
70

Fast Chebyshev Transform

T,(cosé) =cosné T
X =C0sd

Recurrence Formula: 3 T
Toa(X)+T,4(X)=2XT, (X) Ts T

T.(-1)=(-1)
T,(1)=1

Transform pair is:

G, =<U,g, >
u :zﬁk¢k

Chebyshev Polynomials {

physical space to spectral space

spectral space to physical space
T,(cosd) =cosné
X =C0s6

O Could take advantage of Fast Fourier Transform ( FFT))
( Cooley and Tukey, 1965 )

2
General Transform { 1D O(N°)
2D O(N3)
Fast Transform { 1D O(NInN)
2D O(NZInN) &

12



Performance of Chebyshev Collocation Method
Fulton & Schubert (1987

) . ) 1
Linear Advection Equation ou +57U - o*
OX
107"
2
"
- ‘u-l
e
-
s
& 1072
a4
10 F
T . _ - L L s s
-0 -0.5 0.9 [ 10 b o B 16 24 32
* SPATIAL RESOLUTION N
COL error exponential convergence
73
FD error algebraic convergence

Application of Chebyshev Spectral Method

in Oceanic Modelin
y
\—- X

Chebyshev

O Haidvogel (1976 )

With pseudospectral method, employing an
orthogonal expansion in Fourier and Chebyshev
functions, to investigate the sensitivity and
predictability of mesoscale eddies in an idealized

model ocean.
Stream function

Eddy

Fourier

74

Application of Chebyshev Spectral Method

in AtmosEheric Modelin%

0O Kuo & Schubert (1988 )

Applied the Fourier-Chebyshev method
in a Boussinesq nonhydrostatic model to
study the entrainment instability of
marine boundary layer stratocumulus.

20 mins
20 81 T |t

€ 0.0008400 1521 i
oelemminnaleinsi

Initial field
R € AU % T

zm

Chebyshev

T s 20 00
i

Fourier

Domain Decomposition

Original Problem:
PC cluster

N

Domain Decomposition:

1) Same degree of freedom
less time

increase Efficiency '\\
N N N N
4 4 4 2

2) Same time
more degree of freedom
increase Accuracy

N N N N

Tl

v

Burger’s equation:
Advection, Diffusion, Non-linear shock formation

ou -~ ou %
—+U+U)—=—
ot oX OX

MODEL PROBLEMS

13



Advection Equation with
Chebyshev Domain Decomposition

6=0.04,At=0.0001
0=0.04
1.25
R — Analytical
1{—FD4
1 — -COL n=24,M=4
] 0.75[ —coL n=96,M=1

 LogRMS Error |

1 8 .
150 m @ El 0 025 05 0.75
Degree of Freedom X

Exponential Convergence
79

Inviscid Burger’'s Equation

« AtanIC
» Analytic sol. obtained e 1Bty £2
by fixed point iteration {K-W'ﬂ-m“ﬂ'-ﬁ-ﬂﬁ-wﬁ&
Bk e S v DL R
(tol. = 1012) R

* BCs are give as
analytic sol. at
boundaries

» Scale collapse at t=1

* Aim to find error
confinement

Wi e S—winie -ad (38

Ubar=05,M=1,n=80

Inviscid Burger’'s Equation
Shock formation with advection
Ubar=0.5, Pos =-0.5,M=1,n=72

— —Analytical
——COL N=72, M=1

Ubar =0.5, Pos =-0.5,M=3,n=24

— —Analytical
——COL N=24, M=3

-1 05 0.5 1 I 05 ) 05 1
X

Ubar =05, Pos = 0.5 M=3.n=24

Additional Speed-up Factor

Additional Speed-up Factor

N O o =0.04, Error = -3
m-x&&-mwmim N ;223.‘3‘.’:513 .

o % oZa0n Emoes
* Speed-up 2 ’
« N,/N1as x £ %
o At,/At asy : . B
« Slope = Additional Sp! . ol
¢ As large as 6!! o — " - !
» Max. 48 times faster!! o

82

Shallow Water Equation

du  du_ B oh

E'HIZ va——[vi-;—!) (1)
L L
E‘I'lla.'l'!ia‘l'ﬁl'l'a—n (2)
3h Bh

=* u5+v';—:+(li+ h)(%ﬁ%) =Q (3

where QUAEm%E)= ‘I»‘ll'[—ciT.:)z -& y:"ﬂ“'-zt;"_ﬂ'

qg = 6250m%3™%, 3z, =y, = 200km,
b =6 hours = 21600 sac, (=.¥:) = (1000,—1000)

t ]
m'
- ol =
k=< —zsuuﬂz o

Shallow Water Equation

« Initial Condition

ux.s.0) = —ueoa[wci__’;‘,‘ o)1
wWxy0) =0
g,—h(x.r. 0)=—Fu

where U—75me”l, y, ——2000km, g, —2000km

« Domain Decomposition : Overset

=

Tt

. . - . .

.

14




Domain Decomposition
Numerical Results

Domain Decomposition 2*1
Te24hr, o2 5, NX*24, NY=48

wikm}
)

1000 2000 2000 1000 [ 1000 2000
arkm}

Domain Decomposition
Numerical Results

e w0

SingléB’omain

e sete

Domain Decomposition 2*1

TeBhr, hiXedd, Nyeda TE0Bh, 12 5, NXs24, NY =48

iliem)

2000 1000 ] 1000 2000
k)

Single Domain

T=192hr, NX=48, NY=48

Domain Decomposition
Numerical Results

Domain Decomposition 2*1
T=192hr, dt=2 5, NX=24, NY=48

Domain Decomposition
Numerical Results

The w8
)

Domain Decomposition(2*2)
T=24hr, dt=30, NX=48+48, NY=48+48

Single Domain
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Domain Decomposition
Numerical Results

Domain Decomposition(2*2)
T=d48hr, di=30, NX=48+48, NY=48+48

Domain Decomposition
Numerical Results

Domain Decomposition(2*2)
T=88hr, di=30, NX=48+48, NY=48+48

Single Domain
T=96he, NX=06, NY=0E
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Domain Decomposition

:
1 Numerical Results
3,

Domain Decomposition(2*2)
T=144hr, dt=30, NX=48448 NY=48+48

Single Domain
Tel1ddhe, NX=0S, NY=06

Domain Decomposition
Numerical Results

Domain Decomposition(2*2)
T=182hr, dt=30, NX=48+448 NY=48+48

Single Domain
Te192he, NX=08, NY=06
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Example of Domain Decomposition: CReSS Model (Tiling) 7 days simulation

Precipitation rate (mm/hr) at 5 days from initial time.

Red line: JMA best track of Typhoon 18.

0 00 180 E - 20 80 400 420 3 94
T dkm)
A coffee lover's dream: Transform Pair u= > 0d
The best part of waking up, is the vortex in your cup! U= <Uudg >
- N Palinstraphy P
% 5 %n‘-vn — R To get U, in computer,
. i H \ ~
T : - 0, =< U, 4 >=Zu(xj)¢k(xJ)ij
C==[ve.vedr 2 y; ]
2 =
%.-ju"-vmv-'n av v [(voyar % 3 | Let U(X;)=U and Uc=U
at . . 2.2 .:I 12 24 &
Stirring  Mixing Tieno b then A matrix has components % (X;)
Coffee with white Q _ Aﬁ matrix multip O(N 2)
2D model  O(N?)
Fast Transform 1D O(NInN)
. (FFT, Fast Chebyshev Transform) 2D O(NZ?InN) o
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¢,(X) from Sturm-Liouville equations

(1) orthonormal in the inner product
@) = 4,08, (OW(x)dx = 5

@) #.(X) form a complete set

d dg(x
Example: (P00 2C0) + () = AW (900
X dx
=1-x? X)=1
if PO =1-x -1<x<1 L 0<x<27z
q(x)=0 q(x)=0
LN 0
> &((1—x)&)+,1¢_o > ¢
Lgendre function Fourier series 7

dﬁix)) +q(X)4(x) = AW (X)4(x)

d
Example: —&(p(x)

If p(x)=@-x*)*
q(x)=0
w(x) = (1—x?)7

-1<x<1

> i[(l—x?)% d—ﬂ+l(l—x2)’%¢:0
dx dx

Chebyshev series

® Fourier, Legendre functions
have been used in global spectral model

® Chebyshev functions
are used in the limited area spectral modeling 98

|
Finite Difference Method

FD-1 u,-u
VJ: i+ ]
AX
FD-2 U, —u
v, = i Y
2AX
FD-4 AU —Upy 1U,—U,

13 2Ax 3 4AX

2 n=0
Define Cn:{ }

2 1 m=n
£ (T..,T)=
1 n>0 then 7Z'Cn (Tm n) { }

0 m#n
o, = 36, OT, (0

<O, T,(X) >= 30,0 < T, (0, T,(x) >

m=0

zC,
=10 (t

> h (1)

Transform pair is
(1) = > 0,OT, (x)
n=0

spectral space to physical space

én(t) = = <0(x,1),T,(x)> physical space to spectral space
zC, 100

JAN
+1

OO
So |
S )
1

S3

S

- [e) +7

Example of the Gibbs phenomenon
for a step function.
[From Sommerfeld (1949).]

(4
|
1
1
1
|
i
h i
Al -
.
S
2

0(x) =sinMz(x+a)]= 3 4T, (x)

exag, n=0

N Define L2 error as

Lyerer e { | i[g(x) —ZN:é"T"(X)} dx}

%

Rule:
Chebyshev expansions

107 ° N
converge rapidly
when at least 7 polynomial are

-l . retained per wavelength

107 ra - 1 ]

2 3 M 4 s
F1G.3.7. A plotof the Ly-error in the Chebyshev series expansion (3.41) of sin (Mx) truncared after
Tu(x) versus N/M. The various symbols represent: QM = 10; X A =20; A A =30; O M = 40. 102

Observe that the Ly-etror approaches zero rapidly when N/M> .
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[ —
Chebyshev Transform vs. FFT

0 T T
-11 X

| Fast Fourier
Transform

Unusual scale dependent accuracy
Kuo & Williams (1 1998)

log(ms)
&

9r 4
-10
1 . ™| Fast Chebyshev
12 . domain=[-pi,pil" | Transform
00 05 1.0 15 20 25 3.0

a

/"
Theoretical Speedup
s

S/ +1
sP(n)=—"P 7

5+P/n_%+%

n: number of working processors

s: time spent by the sequential portion of the code

p: time spent by the parallel portion of the code

SP(n)
%—»o n Domain Decomposition MPI
2n
S, -
A -1 n+1

S,
Aaw 1 104

Reliable And Efficient Methods Exist
More Issues Need To Be Considered Other Than Efficiency !!
® Geostrophic Adjusment
C-grid for Finite Differences
Z-grid for Spectral and Finite Element

® Axisymmetrization Dynamics
r2 conserved

® Selective Decay (Statistical Dynamics)

® Improvement over simple /2 diffusion
in global or regional or hurricane models
= Anticipated potential vorticity method
O Sadourny and Basdevant 1985
O Arakawa and Hsu 1990

O Kazantsev et al. 1998 (Boltzmann mixing entropy
maximized under energy conservation constraint)

@ Coherent Structure vs 2D Turbulences

® Conservations :
Enstrophy, Vorticity, Kinetic Energy, Available Potential
Energy, Water Substance, angular momentum etc

® Topography
hurricane spin-down, turbulence structure

® Positive Definite Method

® Hybrid 6 —c coordinate
(quasi-Lagrangian vertical corrdinate)

High Resolution Direct Simulations
Cumulus Parameterization Abandoned?!
Direct simulations of Micro-states

Collective Effects, Scale Interactions
Statistical Physics, Macro Model
Efficient Numerical Methods 106

Chebyshev Collocation & Tau Method
s

O Chebyshev Collocation Method: Doing derivation in spectral
space, then inverse transform to physical space to do
integration, applying boundary conditions in physical space.

( pseudospectral )

O Chebyshev Tau Method: Doing all derivation, integration,
and applying boundary conditions in spectral space, after all,
inverse transform to physical space.

( Lanczos, 1938b, 1952c,d, 1956 )

D’Alembert Paradox

i R* vh
B —, o = HRe << 1)
[ e 1

1717-1783 t. =>1,,

D’Alembert Solution of the Wave Equation . o
[f(x + ct) and f(x-ct)] Re small viscosity important

Re large viscosity unimportant

Atmospheric Motion first expressed mathematically

(Won the 1746 Berlin Academy's Award; aqua-planet

Endorsement of Euler)

Solar and Lunar Force Cause the Atmopheric Motion 108
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Development of Thermodynamics F § B et T8
1? Cemu‘ry . ' Precipitation
¥t FEBHE s fERIST Y
First law: Energy is what makes it go and
energy is conserved.
AQ= AU+ WORK
Second law: Entropy tells it where to go!
ot VSO FIRER

Joule, Rudolf Clausius, Lord Kelvin and

Enthalpy
Entropy
Gibbs Free energy

others
BN i
Macro - Micro

Classical and Statistical Thermodynamics
e A

Ludwig Boltzmann, 1844-1906, whose work led

to an understanding of the macroscopic world on

the basis of molecular dynamics. LVDWIG
BOLTEMANN
_S=klogW ot

Planck, Unwilling Revolutionary: the idea of quantization

. i 1900
i 2hc?
o BiT) = Hall of Fame in Science
ot [ A |
! Py | Gravitational Law
§ £ 1 Blackbody Radiation
g f | E=MCn2
§ 4 ] N -.

WAVELEMGTH (um)

Figwre &7 Specira of emitsed intemity B,(T) for lackbodics st severnl lemperures, with
wavelongeh of masimrs cmiwion (T} ind

110

54 (1819)

z—j o vV
Momentum oy ,
Conservation (18) F7 * F Ve
{:;; q Vi
Mass conservation (18) Radiation
Energy conservation (19) + 5 55
(19,20)
rr o1 (P = Moisture
Equation of State(17,18,19) ¥~ = (F Latent heat
— s g ZH2
- 2 o g = =
i Ev* ~ H: N ik ? (19) (19,20)

FR-#=f - -afacfhiad

wis Fry Richardson, 1881-1

During WWI, Richardson
computed by hand the pressure
change at a single point.

It took him two years !

His “forecast” was a
catastrophic failure:

Ap =145 hPa in 6 hours

His method was unimpeachable,

So, what went wrong?

vtr e |

flzaz) = f{z —AzT)

2Ax

on+l _ -1
2 2

ot F

13x13=169i# ODE

169 a 4 &

113

first weather forecast - ENIAC, 1950

Wexler  Von Namias Fjorto
Neumann Frankel

|

toft
= Reichelderfer

Freeman \6 Chamey
ERN)

&
LB

.8

In front of the Eniac, Aberdeen Proving Ground, April 4, 1950, on the occasion of the first
numerical weather computations carried out with the aid of a high-speed computer. 114
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Nonlinear computational instability
and the Arakawa Jacobian (1966)

J(y. <)

When the Arakawa Jacobian is used for the advection
terms in the QG baroclinic model, together with the vertical
differencing, the sum of kinetic energy and available
potential energy is conserved, as well as potential
enstrophy, in the absence of heating and friction.

=energy and enstrophy conservation
DRLMAF 0 4 FRMLEEHS

Orthogonality of Chebyshev series

(u,v)= ﬁ% dx as inner product

In particular T 0T.(9
1T, ()T, (x
Mot =l 8y

T,(Xx)=cosm¢ T, =cosng X=cos¢

dx = —sin ¢ dgp = —(1—cos® g)* d¢

i oA [ { f
Nonli transt NN INA A A =—(1-x%)"d¢

onlinear ener ranstrer b \ iy {

. a9y i")(‘ 714_'9 L -
Aliasing error N W\ T
I F LYY T, T.) :IO cosmgcosng de "
DV  saxv=_l¢ Ty f Speed of convergence
o e p R TEY =2ad
1% ) Geostrophy a =< f,¢k >WwW => Efficiency

oy HIke V= TP”y Rotation Dynamics

Singular Perturbation Problems
Quasi-balanced Dynamics

Boundary Layer Dynamics
Nearly Invicid

Rotation time scale / Advective time scale

Re = —i Diffusion time scale / Advective time scale
117

= Boundary condition

= [ £ (X)4 (OW (x)dx
:%n [ 00 [P0 (0T +a(2)4, ()}
Integrate by parts twice, we have
a, :/%n[p(f'¢n - f¢n')]:+%n(¢n,%)w = Boundary term
If boundary term not vanish

a, :O(%) algebraic convergence e
n

Nonsingular Problem P >0 on[a,b]
for P(f'¢,—fg). =0
weneed f'¢, — f¢,’|\: =0
=> Periodic domain

= Exponential Convergence

¥ This is the case for Fourier Series
Singular Problem P(a)=P(b)=0
then P(f'g,— 1)} =0

Regardless of the behavior of f(x) near the boundary a, b

=>Exponential Convergence

3 This is the case for Legendre and Chebyshev polynonifls

1 , T
If Z[p(f ¢, — T4)]2=0

and ¢, is ptimes differentiable

We can do integration by parts p times

1
a, < O(T,',’)

= Exponential convergence

When boundary terms vanished,
the speed of convergence
depends on the smoothness of the function.

120
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