
1

主講人：郭鴻基 教授

內容：

科學研究是探索未知知識的建構

過程，而數學是科學的語言。隨

著電腦的進步，資料大幅度的數

位化，科學計算更成為打開非線

性科學研究的敲門磚。數學建

模、科學計算、分析詮釋與驗證

等過程，更是現今數學科學的典

範。演講將簡介一個最簡單的氣

候模式，並討論數學建模的過

程，以及相關因素。

（感謝中央氣象局鄭明典博士提供部分投影片）

（掠食者的滅絕) （掠食者與被掠食者共存）

（Lorenz 吸子）

數學模式與科學研究

2009.03.03 建國中學
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動 力 與 模 擬 研 究 室

 颱風與渦旋動力
Typhoon and Vortex Dynamics

 數學建模科學計算
Mathematics Modeling/Scientific computations

 地球物體流體力學
Geophysical Fluid Dynamics

 兩度空間亂流
Two-Dimensional Turbulence

郭鴻基 教授
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Politics are for the moment
An equation is for eternity

但覺高歌有鬼神
不知餓死填溝壑
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讀 算 寫
幾何
代數

微積分
電腦計算繪圖

+      - x      /
加、減 乘、除
線性 非線性
大題大作 小題大作

數量化、數位化
數學化--模式--動力系統
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17世紀 力學

18世紀 力學、流體力學

19世紀 熱力學、統計力學、熱力學、
電磁學、生物學

（小獵犬號船長是一個氣象學家）

20世紀 輻射學、量子力學、
原子物理、電腦、氣象科學

生命科學

6

Bc
t

B

t

B
E

t

E

c
B

B

22
2

2

2

1

0

















dV

ndA

dV

VndA
V

dV

ndAV
V

dV

dA

dv

dv

dv

dv

































0

2

0

0

0

lim

lim

lim

lim

0

4

0)(















E

Gg

V
t

Tk
t

T

c
t

2

22
2

2







 

 
 





A

A V

ndABdlB

BdVndAB

 EV
m

 2
2

2



Divergent (Gauss) 
theorem

Stokes theorem

流力非線性方程

Icons of Knowledge
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數學科學

Formulation     數學建模（微分、差分方程式）

Solution / Analysis   分析、求解

Interpretation  科學詮釋

數量化、數位化
數學化--模式--動力系統

中階課程：微分方程(ODE,PDE)
統計、線性代數
程式、計算與繪圖
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君子致用在乎經邦，經邦在乎立事，立事在乎師
古，師古在乎隨時。必參古今之宜，
窮終始之要，始可以度其古，中可以行於今。通典

共49個字，假設中文常用字為1000字，共有10^147個選擇

地球歷史 10^18 sec
10^10 一百億隻猴子在打字，假設每秒鐘打一萬字 10^4，

10^10*10^18*10^4 = 10^32

10^32/10^147=10^(-115)  ~  0   機率為零 ，不可能的巧合！

研究學問是苦心孤詣的事業！ 不要人云亦云！

“Six monkeys, set to strum unintelligently 
on typewriters for millions of years, would
be bound in time to write all the books 
in the British Museum.” Huxley
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Bode’s Law of Astronomy      1778

0      3     6     12     24     48     96     192     384

4 7    10     16     28     52   100     196     388

0.4  0.7  1.0   1.6    2.8    5.2    10     19.6    38.8

Mercury  0.4  (0.39)      Venus       0.7 (0.72)            Earth      1.0 (1.0)
Mars       1.6  (1.52)       Asteroids 2.8 (2.77)            Jupiter     5.2 (5.2)
Saturn     10   (9.54)      Uranus   19.6 (19.19)          Neptune  38.8 (30.07)
Pluto       fails (39.60)

10

11 12

一樣觀魚多樣情！

（1）魚快樂嗎？
（2）熱血沸騰，立志革命！
（3）折射定律，最小原理。
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?0 2

2


dx

yd

dx

dy

)(xfy y

x x : 努力

y : 成就

一分耕耘 ， 一分收穫？？

線性

非線性

函數 Function

(因果）

14

Butterfly Effect   Chaos

30xy 

99.0x

01.1x

74.0y

35.1y

0.02 0.61

“Sensitivity dependence on initial condition.”

H Poincare

混沌 非線性

預報能力的喪失！！

蝴蝶效應 混沌

精確度有限
非線性
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Thomas Robert Malthus
Wikipedia

( 1766～1834 )

English demographer and political economist

人口學家
政治經濟學家

16

Malthusian Model

Population Growth

t

p

dt

dx

t

x





 0
lim

線性

非線性指
數成長

線性 非線性
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Logistic Effect

Time Series (時間序列)

其中

環境之承載效應

18

動力系統

推背圖：前知三百年，後知三百年

可以解釋〝已知〞，可以預測〝未來〞

時間變化謂之動力 變數 許多外在及內在控制參數

u

v
時間的軌跡

相
位
圖

t

慢半π

u

v

相位圖
Cos 和 Sin 零相關、不來電！
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Periodic phenomena are actually 
everywhere in the biological world.

What else can you think of?

20

Negative Feedback Oscillators

X  Cost      Y Sin tWhat can X and Y be?

負回饋 恩將仇報 以德報怨

反者道之動 常

天之道其猶張弓 損有餘 補不足

21

NF-κB and IκB Model

X: nucleus NF-κB

Y: IκB

yxy
dt

d

yxSx
dt

d









Science 298: 1241-1245.
22

Lotka-Volterra Model

A Predator-Prey Model

Port 1914 1915 1916 1917 1918 1919 1920 1921 1922 1923

Fiume 12% 21% 22% 21% 36% 27% 16% 16% 15% 11%

Trieste 14% 7% 16% 15% - 18% 15% 13% 11% 10%

Humberto D’Ancona
1926

Predator

Prey

World War One   掠食者比例變大

23

Vito Volterra
Wikipedia

( 1860～1940 ) Italian 
Mathematician & Physicist

Contribution:

1) Mathematical biology 

2) Volterra-Lotka equations

24

動力系統

相位圖

dx/dt =    x(1-y)

dy/dt = y (x-1)

4
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愛情動力系統

相位圖
dx/dt =    x(1-y)

dy/dt = y (x-1)

t

慢半π

u

v

Cos 和 Sin 零相關、不來電！ 26

動力系統

鴛鴦蝴蝶夢，一段愛情故事；

千古興盛衰亡。

衰

亡

盛興

掠食者

（官僚）

被掠食者 （善良人民）

27

(1.5, 0.5)

h=0.5

Harvest effect
對掠食者與被掠食者
同時進行獵取殺害，
可以使生態往對
被掠食者有利方向
移動。

1960 DDT 事件

無間道警察
水滸傳哲學

被掠食者

掠食者

28

微積分數學

Chain Rule(連鎖律)

偏微分

只對y變數微分，不改變x變數

例如:

29

你快樂嗎？ㄧ個簡單的生涯規劃動力系統

u：快樂指數

x:考試作業量

y:玩魔獸的時間

>0 <0天縱英明的資優生 >0<0<0

考試越少越不快樂，
玩魔獸的時間越多越不快樂>0 考試越多越快樂

<0 電動越玩越不快樂
人的個性

人的境遇

個性+境遇=人生
相形不如論心
論心不如則術
形不勝心
心不勝術 荀子非相

30

Mach number

5
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Sonic Boom

Adiabatic Sound 32

Dead-water near the coast

Wave drag problem

33 34

[Courtesy of Aerofilms Ltd.]

< Ship-wave pattern >

  o
3
11 5.192sin2  

Kelvin edge      deep water waves

35
[From V. A. Tucker, “Waves and Water Beetles,”

Physics Teacher 9, 10-14 19 (1971), Fig.3
(Copyright 1971 by American Assoc. Phys. Teachers)]

Kelvin wedge      deep water waves

36

Pictures-6

[appeared on the cover of Science
166(Nov.14, 1969,Copyright 1969
by the American Association for
the Advancement of Science),in
connection with an article by V. A.
Tucker, “Wave-Making by 
Whirligig Beetles(Gyrinidae),”
pp. 897-99.]

< Capillary Waves 
>

Beetle making 
waves on a water-
air interface

6
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Buckingham’s Pi Theorem

n variables can always be combined to form 
Exactly (n- r) independent nondimensional variables, where
R is the rank of the dimensional matrix.

Eg.      T, M,  L,   g are the 4 variable in the simple pendulum problem

kg, m, s are the rank 3 dimensional unit

4-3 =1 nondimensional variable   

Similar result can be derived from Newton’s mechanics or
from the fact that the difference of potential energy and kinetic energy over
a period will be minimized; the Hamilton principle.

38原子彈能量～ J1410

51
0

5251 
tE

rf

G.I. Taylor 1950

39

1/x

const            Turbulence

40

41
飛行速度

飛行體重量

6

4

0

-3

42

Metabolic rate vs size

Kleiber (1932) Body size and metabolism. Hilgardia 6, 315-353.

I  I0M 3 / 4

7



43

“Metabolic rate vs size” extended

Hemmingsen (1960) Reports of the Steno Memorial 
Hospital and Nordisk Insulin Laboratorium 9, 6-110

I  I0M 3 / 4

44

“Metabolic rate vs size” down to 
molecule

West, Woodruff, Brown (2002) PNAS 99, 2473-2478

45 46

47

假設： G, A 為常數

A:strength of oarsperson

48

Isaac Newton

Principia 1687

Nature and nature’s law 
lay hid in night,
God said,
Let Newton be,
and all was light.     A. Pope

8
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Halley 1686

First proposed the atmospheric 
motion is connected with the 
distribution of sun heat
(follow the sun in the daily scale;
thus wind is westward.)

Fujita, 1971

50

Halley  1686

D’Alembert 1746

51

Partial Differential Equations
偏微分方程式 PDE

流體力學之父 非線性

52

 

Euler   18 century  

Fluid Dynamics 

◆ Pressure gradient force 
P


1  

◆ Eulerian-Lagrangian 

transformation 

z
w

y
v

x
u

tdt

d
















  

◆ Mass conservation 

(continuity equation) 
0









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
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z
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v
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Isothermal sound speed (same 
mistake as Newton) 

 








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


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



 P

sv
P

T

..
 

壓力梯度力

座標轉換

質量守恒

流體動量、質量守恒

53

fv: E-W Coriolis force 
Conservation of angular momentum, 
Hadley 1735 
 
■ fu: N-S Coriolis force 
Centrifugal force, thermal wind balance 

Ferrel, 1859 
 

■ Coriolis force, Coriolis, 1835 
▲ Falkland ship battle in WW I 

 

■ Laplace, (1740-1827) 

 
Atmospheric Observational net work (1800-1815) 

Hydrostatic balance approximation 

Tidal wave equation,  

Laplacian 

Adiabatic sound speed  
 

科氏力

角動量守恒

向心力

旋轉力學

54

Coriolis Force

Non-inertial Frame

9



55 56

Biomath

Y. C. Fung

Lanchester

57
Peter Lynch

58

Ideal Gas Law 

 

■ 1662, Boyle law, PV = c when T = c. 

■ 1787, Charles law, V/T = c when P = c. 

■ 1803, Gay-Lussac law, P/T = c when V = c. 

■ 1811, Avagardro, 1 mole gas is 22.4 l in 

volume. 

 

Universal Gas Constant  

R* = 8314.3 J /(deg-/1 kmol) 

 

PV = n R* T 

PV = m/M R* T  P = m/V R*/M T 

P = ρ R T, R = R*/M 

Rd =  287 J/deg.kg  (R*/Md) 

Rv = 461 J/deg.kg   (R*/Mv) 

 
 

Equation of State 理想氣體方程

59

Estimate Avogadro’s Number

Oil spreads on water
molecular size
Avogadro’s number

Benjamin Franklin ( 1773 )
(1) Molecular size

(2) Number of molecules

(3) Mass of the oil 

(4) Number of moles of oil 

(5) Avogadro’s number

mol100221426N 23

A /. Now we know: 60

Development of Thermodynamics  

19 century 

 

First law: Energy is what makes it go and 
energy is conserved. 
    △Q = △U + WORK 

Second law: Entropy tells it where to go! 
 
Joule, Rudolf Clausius, Lord Kelvin and 

others 

 

Macro   ---   Micro    

Classical and Statistical Thermodynamics 

 

Ludwig Boltzmann, 1844-1906, whose work led 

to an understanding of the macroscopic world on 

the basis of molecular dynamics. 

          S = k Log W 
 

熱力學

第一定律

第二定律

統計熱力學

雲微物理
Precipitation

Enthalpy
Entropy
Gibbs Free energy

宏觀 微觀

能量作功，能量守恆

時間之矢，自然單向

10



61

• Leonardo da Vinci  (1452-1519)

“Observe the movement of the surface of 
the water which resembles that of hair 
which has two motions, of which one 
depends on the weight of the hair and the 
other on the direction of the curls. Thus 
water forms eddying whirlpools of which 
one part depends on the predominant 
current and the other on the incidental 
motion and the return flow.”

Multiple Scale Interactions
Steady and Turbulent Flows
多重尺度交互作用

62

1717-1783

D’Alembert Solution of the Wave Equation
[f(x + ct) and f(x-ct)]

Atmospheric Motion first expressed mathematically
(Won the 1746 Berlin Academy’s Award; aqua-planet
Endorsement of Euler)

Solar and Lunar Force Cause the Atmopheric Motion

D’Alembert Paradox

Re small  viscosity important
Re large  viscosity unimportant

63

Hadley (1685-1758)

Distribution of sun heating
(north and south; 
seasonal scale)

Earth rotation (conservation of 
angular momentum)  

Thomson (1857)
Ferrel (1859)

Centrifugal force

Coriolis 1835

D’Alembert 1746

Math. Model for Atmospheric Motion 
in aqua-planet
(Won the 1746 Berlin Academy’s 
Award; Euler’s endorsement)

Solar and Lunar Force

Fourier 1768-1830

Why the earth not heating up when 
receive sun energy continuously?

Heat emission or diffusion  (by IR)

His calculations showed a very cold 
surface (No green house effect) 

Arrhenius 1896

CO2 green house effect, but were 
dismissed by scientists  [WHY??] 64

 
)1(

2

5

2




TK

hc

e

hc
TB






Planck, Unwilling Revolutionary: the idea of quantization 

Hall of Fame in Science

Gravitational Law

Blackbody Radiation

E= MC^2

1900

65

Momentum 
Conservation (18)

Mass conservation (18)

Energy conservation (19)

Equation of State(17,18,19)

Radiation

(19,20)

Moisture
Latent heat

問蒼茫大氣，誰主浮沈？
質量、動量、能量與大氣狀態方程式

雲物理
(19,20)

大氣輻射

科氏力(18 19)

(19)

66

13×13=169個ODE

169 自由度

11



67

Richardson’s Dream

68
In front of the Eniac, Aberdeen Proving Ground, April 4, 1950, on the occasion of the first 
numerical weather computations carried out with the aid of a high-speed computer.

Wexler
Frankel

von 
Neumann

Namias

Freeman

Fjortoft
Reichelderfer

Charney

first weather forecast – ENIAC, 1950

69

18000 vacuum tubes
70000 resistors
10000 capacitor
6000   switches

140 K Watts power

No high-level language
Assembly language

500 Flops
Function Table 0.001 s

Electronic Numerical Integrator and 
Computer

3,700,000,000 times slower than current day large computer

第一部電腦 氣象預報
70

ENIAC – late 40s

Earth Simulator -- 2002

NASDA, JAERI, JAMSTEC

(Satoh et al. 2006)

3.5 km aqua planet
35 trillion calculations 

per second

71

南北半球 對於3，5，7天之預報能力隨時間的進展

南北差異日漸減少主要是由於近年來衛星觀測以及資料同化技術日漸成熟

7天預報一年進步約1.5%，3天預報一年進步0.3%

預
報
能
力
指
標

年代

72

凝結尾 人為

All commercial aircraft flights in 
U.S. were stopped for
3 days after the 911 attack.

Ground diurnal Temperature 
is larger by 1.1K in these 3 days
as compared to the climate
mean.

12



73

Charles Keeling (left) at the dedication of 
the Keeling Building at the Mauna Loa 
Observatory, Hawaii (1997)

Keeling Curve (1958- )

74

Bruegel, Pieter, the Younger
< Winter Landscape (1601) >

氣候變遷 Warming trend begins 1700A.D.

1700

維京人

75

年際變化季節預報1988 1993

風雨之不時，是無世而不常有之。 荀子天論

76- + - +

77

2020 2040

Fcst.

78

13



79

February, 1973

Reports that the world’s 
climatologists are agreed
that “we must prepare for 

the next ice age.”
80

April 28, 1975

In an article titled “The Cooling 
World” said that meteorologists 

are almost unanimous that 
catastrophic famines might result 

from global cooling.

81 82

比熱
specific 
heat

反照率 albedo

比熱 海水 深層海水

反照率 冰雪 雲 (IPCC沒討論的因素，氣象最大的挑戰）

太陽常數 天文因素 太陽物理

EarthSun energy

83

TEMP

S↓

IR↑

TEMP

S - IR

IR↑～σΤ4

2 stable multiple equilibria

~273K

84
Jacob (1999)

Volcano EruptionEvidence

A year without summer

Memory effect

14



85

洋流－深海循環

86

1957

2004

Net

Bryden and Longworth Nature 2005

87

Geophysical Fluid Dynamics (GFD)
Atmospheric Oceanic Fluid Dynamics (AOFD)
is for those interested in doing research in the physics, 
chemistry, and/or biology of Earth fluid environment.

20th Century

88

Voyager 2 approaching Jupiter

Rotation period  9.84 hr

89 90

 2



 V
tDt

D 

dVC  
2

1
  

dVdVV
dt

dC
 )( )( 22   



Stirring             Mixing

Stirring

Mixing

The best part of waking up, is to see vortex in your cup!!

15



91

l

92

Resistance:

Total Resistance:

The Resistance is Minimized when:

93

pq
c

p
pK

dt

dp
1

1
1 )1( 

pq
c

q
qK

dt

dq
2

2
2 )1( 

1K

2K

1c

2c

1

2

令

a
K

c


1

21

b
K

c


2

12

1c

p
x 

2c

q
y 

原方程式變數：

)1(2 bxyyK
dt

dy


)1(1 ayxxK
dt

dx


強弱參數＝攻擊力/修護力， 攻擊力＝戰鬥力＊族群數目
94

a < 1 < b

x

y

1

b

1 1

a

1

y 滅絕

)1(1 ayxxK
dt

dx


)1(2 bxyyK
dt

dy


X 比 Y強
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五胡亂華

春秋

戰國

大一統

強弱之爭
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a < 1  &  b < 1

x

y

1

b

11

a

1

)1(1 ayxxK
dt

dx


)1(2 bxyyK
dt

dy


Stable point

16



97

a > 1  &  b > 1

x

y
1

b

1 1

a

1

兩強相爭
蝴蝶效應

兵兇戰危！

孰能必勝？

)1(1 ayxxK
dt

dx


)1(2 bxyyK
dt

dy


Saddle point
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EpidemicsEpidemics
• Epidemics: epi “upon” and demos “the people” , 

i.e., “upon the people”

• An epidemic is the occurrence in a community 
or region of cases of an illness, specified health 
behavior, or other health-related events clearly 
in excess of normal expectancy; the community 
or region, and the time period in which cases 
occur, are specified precisely (Last JM, ed. A 
Dictionary of Epidemiology. New York: Oxford 
University Press, 1995)

The “Black Death" of 1347–51 100

Recovery Rate

Infection Rate

No Death in the model

SIR Model

Use the Use the SIRSIR model with the model with the stochastic forcingstochastic forcing from international from international 
aviation networkaviation network to simulate the spread of the to simulate the spread of the SARSSARS, and to , and to 

explore the strategy for the disease control.explore the strategy for the disease control.

Forecast and control ofForecast and control of epidemics in aepidemics in a
globalized world    globalized world    PNAS vol.101 no.42PNAS vol.101 no.42

HufnagelHufnagel††, , BrockmannBrockmann, and Geisel, and Geisel
演講者演講者: : 陳怡文陳怡文 日期日期: 2007/12/18: 2007/12/18 指導教授指導教授: : 郭鴻基郭鴻基 老師老師
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HIV Modeling

V: number of virions
p: rate of production of new HIV virions
c: clearance rate for the virions in the plasma
T: infected target cells in unit volumn

: non-infected cells in unit volumn
N: 被感染細胞在其生命期內產生的病毒數目
k: 正常細胞被病毒感染率

藥物治療

Early and aggressive therapeutic 
intervention is necessary if a marked 
clinical impact is to be achieved.

何大一雞尾酒療法

觀察病人服藥
後反應決定C
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h: constant rate of population harvested.

Small changes in harvesting rate can lead to disastrous changes 
in population has been observed many times in real situations on earth.
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N 環境承載

成長率

h 捕獲率

補獲率在一個生長期內不可以超過環境承載1/4
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