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ABSTRACT

Through the use of a zonal balance model we investigate the response of the mean meridional circulation to
a specified diabatic forcing for both resting and nonresting zonal flows. The use of a potential latitude coordinate
and transformed meridional circulation components results in a simplified meridional circulation equation in
which the variable coefficients are the normalized potential vorticity and inertial stability. Solutions of this
equation illustrate how latent heat release away from the equator forces a winter hemisphere Hadley cell that
is more intense than the summer hemisphere cell. This asymmetric response is due primarily to the anisotropy
associated with the spatial variation of the inertial stability field. Despite the sensitivity of the meridional circulation
to the location and breadth of the forcing, the low latitude thermodynamic response is for the most part insensitive
as long as the total latent heat release remains the same.

Numerical solutions of the zonal balance model result in evolving zonal wind and temperature fields that
modify the potential vorticity and inertial stability fields. In the vicinity of the ITCZ, the potential vorticity
becomes large in the lower troposphere and small in the upper troposphere which, in addition to modifying the
response of the meridional circulation, generates the necessary dynamical conditions for wave instability. Since
the inertial stability is only slightly modified, however, the basic anisotropy in the response of the meridional
circulation remains. At the same time, the evolving zonal wind and temperature fields result in an increasing
dynamic efficiency of latent heat release, which leads to an accelerated growth of zonal kinetic energy, especially
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when the ITCZ is located poleward of 10 degrees latitude.

1. Introduction

There appear to be two conceptual views of the
Hadley circulation and the ITCZ. The first, often
adopted in studies of the atmospheric general circu-
lation and climate, considers the Hadley circulation
and the ITCZ as monthly (or seasonally) and zonally
averaged phenomena that can be simulated with ther-
mally forced, frictionally controlled, steady state mod-
els. This is essentially the view adopted by Schneider
and Lindzen (1977), Schneider (1977), Held and Hou
(1980), and Lindzen and Hou (1988), who solve for
steady circulations forced by convection and/or tem-
perature deviations from a specified equilibrium tem-
perature. The second view, often expressed in the con-
text of tropical weather analysis and forecasting, is that
the Hadley circulation and the ITCZ are phenomena
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that can be identified on individual weather maps and
whose fluctuations can be followed day to day (hence
the terms breakdown of the ITCZ, reformation of the
ITCZ and trade wind surges). An example of such
fluctuations is shown in Fig. 1, which consists of three
GOES IR images from 1646 UTC on 26 July, 3 August
and 12 August 1988. On 26 July an elongated east—
west zone of convection covers the eastern Pacific at
about 10°N. Eight days later (3 August) this ITCZ has
broken down into a series of tropical cyclones. Nine
days later (12 August) the ITCZ has reformed at about
10°N. It is this second view that we shall adopt here.
In particular, we will study evolving circulations in a
frictionless, thermally forced model. These solutions
illuminate several interesting aspects of equatorial bal-
anced dynamics.

Regardless of which conceptual view is adopted, one
of the most interesting features of the Hadley circula-
tion is the difference in the strengths of its two cells
when the ITCZ is displaced off the equator. This can
be illustrated by comparing the June-August and the
December-February meridional circulation fields. In
June, July and August most of the latent heat release



FIG. 1. GOES IR images at 1646 UTC on (a) 26 July, (b) 3 August, and (c) 12 August 1988.
Note the breakdown and reformation of the ITCZ.
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F1G. 1. (Continued)

associated with the ITCZ occurs north of the equator.
The meridional circulation associated with this latent
heat release exhibits a distinct preference for the winter
hemisphere cell, i.e., the low level air which is drawn
into the ascending region comes mostly from the south.
In December, January and February most of the latent
heat release occurs south of the equator, and the low
level air is drawn into the ascending region primarily
from the north. This effect is clearly illustrated in the
observational analyses of Newell et al. (1972, Fig. 3.19)
and Oort (1983, Fig. F-44); it has also been theoreti-
cally reproduced by Gill (1982, section 11.14) and by
Lindzen and Hou (1988), who applied the simplified
theory of Held and Hou (1980) to diabatic heating
centered at a latitude off the equator.

This paper has three major goals. The first is to un-
derstand how the difference in mass flux between the
two halves of the Hadley circulation depends on the
latitude of the ITCZ convection and on the zonal flow
in which the convection is imbedded. The second is to
understand how the latitude of the ITCZ influences
the efficiency with which zonal kinetic energy is pro-
duced. The third is to understand how I'TCZ convec-
tion can produce zonal flows that are unstable to zon-
ally asymmetric wave disturbances. We will use the

nonsteady balanced system of equations to illustrate
the atmospheric response to low latitude zonally sym-
metric diabatic heat sources with varying horizontal
space scales. Out results involve the solution of a di-
agnostic meridional circulation equation which is for-
mulated in an angular momentum coordinate we call
the potential latitude. Solution of this equation requires
knowledge of the potential vorticity, inertial stability,
and diabatic heating fields. Since our approach to the
problem neglects zonal asymmetries and frictional ef-
fects, it will not directly address the details of the longer
term seasonal structure of the mean meridional cir-
culation. Nevertheless, our results will clearly show that
the difference in the strengths of the winter and summer
Hadley cells is due primarily to the anisotropy asso-
ciated with the spatial variation of the inertial stability
field.

2. Governing equations

Our model of the Hadley circulation is based on the
assumptions that all fields are independent of longitude
and that the zonal flow is frictionless and balanced.
Using the subscript zero to denote a reference value,
the pseudo-height coordinate can be defined as z = [1
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— (p/pe)1cpbo/g). With this vertical coordinate the
balance equation for the zonal flow, the approximate
absolute angular momentum principle, hydrostatic
balance, mass continuity and the thermodynamic
equation can be written as (2.1)-(2.5) of Table 1,
where p = po[1 — (gz/¢,00)]"' "/ is the pseudo-density
(a known function of z), u, v and w are the zonal,
meridional and vertical components of the velocity,
and G is the geopotential. The diabatic term Q is re-
garded as a known function of space and time.
Although the set (2.1)-(2.5) is closed in the un-
knowns u, v, w, 6 and G, it is an inconvenient set for
prediction. More suitable forms can be obtained in two
ways. The first method involves replacing one of the
prognostic equations, (2.2) or (2.5), with a diagnostic
relation for the meridional circulation (pv, pw). The
second method involves elimination of the meridional
circulation (pv, pw) to obtain a second order partial
differential equation for dG/d¢. This second method
will not be discussed here [see Schubert (1985) for a
discussion of this method in the context of semigeos-
trophic theory]. To proceed with the first method we
note that, because of the continuity equation, the me-
ridional circulation components can be expressed in
terms of the single streamfunction variable y as given
in (2.6). The diagnostic equation for ¢ is derived by
combining (2.1) and (2.3) to obtain the thermal wind
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equation, and then using this equation to eliminate
local time derivatives between (2.2) and (2.5). The
result is the meridional circulation equation (2.7a)
where the variable coefficients 4, B and C are the static
stability, baroclinity and inertial stability, which are
defined in (2.7b~d). The boundary conditions for
(2.7a) are simply homogeneous Dirichlet conditions
on y.

Let us now discuss the potential vorticity principle
associated with (2.1)-(2.5). The vorticity vector as-
sociated with the predlcnve component u lies in the
(¢, z) plane. The governing equation for this vector
vorticity takes the form

DL\ _
th(p) (€£-V)v, (2.8)
where
D 9 0
‘D—t—&'f‘ qu Wa 5 (29)
_ _8(ucos¢)'
Z—(a , 2Q sing —acoswd’), (2.10)

V =(d/ad¢p, d/dz) and v = (v, w). By combining the
vector vorticity equation (2.8) with the thermodynamic
equation, we obtain the potential vorticity equation

TABLE 1. Governing equations.
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— =V 2.11
» D <-va, (2.11)
where
1
P=-g-V§ (2.12)
P

is the Rossby—-Ertel potential vorticity.

3. Potential latitude coordinate transformation

We shall now transform Eqs. (2.1)-(2.7) into Eqgs.
(3.1)-(3.7) of Table 1. To do this we introduce the
potential latitude ®, which is related to the latitude ¢
and the zonal wind u by

Uucoso

in® = sing — 38

s sing aQ(sin® + sing) ’ (3:82)
which can be rearranged to yield

Qa cos®® = Qa cos®p + ucos¢.  (3.8b)

Since the right-hand side of (3.8b) is the absolute an-
gular momentum per unit mass, the potential latitude
can be interpreted as the latitude to which an air parcel
must be moved (conserving absolute angular momen-
tum) in order for its zonal wind component to vanish,
Even when the absolute angular momentum is not
conserved, we might expect certain advantages in using
it as a coordinate in place of ¢. This has been discussed
by Shutts (1980). Here we follow this general approach
but use as the new coordinate the potential latitude ®.
To insure that the transformation (3.8a) exists, we limit
ourselves to flows in which u cos¢ < Q a sin’¢. The
use of the potential latitude coordinate in the present
zonal balance model is analogous to the use of the
potential radius coordinate in the Eliassen balanced
vortex model of tropical cyclones (Schubert and Hack
1983; Hack and Schubert 1986; Schubert and Alworth
1987). Thus, let us consider (®, Z, T') space, where Z
= zand T = t. The symbols Z and T are introduced
to distinguish partial derivatives at fixed ¢ (d/9z and
d/dt) from partial derivatives at fixed ® (d/9Z and
d/0T). Derivatives in (¢, z, t) space are then related
to derivatives in (®, Z, T) space by

% - %? Ji@ * a_a:i“ (3.9)
% - %a%’ (3.10)
5% - ?5 a% % . (3.11)
Another way of writing (3.10) is
cosj’a‘b B (29 i‘in<1>) cos?I)a<I> ’ (3.12)
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where ¢ is the vertical component of the absolute vor-
ticity vector defined in (2.10). Thus, in regions where
¢ > 2Q sin®, the ® coordinate provides a natural
stretching which is analogous to the way the geostrophic
coordinate provides stretching around fronts in semi-
geostrophic theory (Hoskins and Bretherton 1972).
Using (3.11), (3.12) and (3.8) we can show that

du @ a a
oV:————-——+ _—_= i
< 9z ad¢ g_é)z faz’

which allows the Rossby-Ertel potential vorticity (2.12)
to be expressed in the more compact form
d
p=t
p 07

From (3.9)-(3.11) we can also easily show that the
total derivative can be written as

D 9 d

l_)—t.—é?_'-w.(ﬁ’ (3.15)

which should be compared to (2.9).
Let us now introduce the transformed velocity com-
ponents u*, v*, w* and the potential function G* de-

fined by
cos¢ "
cosd )’

cos¢ _ 8_(1)_
(_“cosd’)(v waaz), (3.17)

(3.13)

(3.14)

u*

(3.16)

*

<

w* = (29 ?nq’)w, (3.18)
G* = G+%u2. (3.19)

Using (2.10), (3.12) and (3.16) it can be shown that

o d(u cose) )
(29 sing 2 005090 05630 )/(29 sing)

d(u* cos®d)

= (292 sin® 2Q sin® +
(2% sin®) / ( s a cos PP

) , (3.20)

which means that as —d(u* cos®)/(a cos®d®) ap-
proaches 29 sin®, the vertical component of absolute
vorticity becomes much larger than the local Coriolis
parameter. This is analogous to what happens when
using geostrophic coordinates in semigeostrophic the-
ory (Hoskins 1975) and when using the potential radius
coordinate in the Eliassen balanced vortex model of
tropical cyclones (Schubert and Hack 1983). In a fur-
ther analogy with semigeostrophic theory the appli-
cation of (3.9)-(3.11)to (3.19) leads to

G _ 3G*
ot oT ’

(3.21)
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G _ 2Q sing + (u tang)/a\ IG*
cos¢p dp  \ 2Q sin® cos $3P
' (3.22)
G 9G*
PPl (3.23)

The use of (3.8)-(3.23) allows us to transform (2.1)-
(2.5) to (3.1)=(3.5) of Table 1. Some details of this
transformation are given in appendix A. In comparing
the two columns of Table 1, we note that (3.1)-(3.5)
represent a simplification over (2.1)-(2.5) since the
mathematical forms of the hydrostatic and continuity
equations have remained essentially unchanged while
the balance, zonal momentum and thermodynamic
equations have all been simplified. The derivation of
(3.7) proceeds in a fashion similar to the derivation of

(2.7), i.e., the transformed thermal wind balance is .

used to eliminate the time derivative terms between
(3.2) and (3.5). The lack of terms involving w* in
(3.2) and v* in (3.5) leads to a meridional circulation
equation (3.7) which has no cross-derivative terms.
Since the variable coefficient g is proportional to P/
(29 sin® ), we will refer to it as the normalized potential
vorticity. Note that g plays the role of static stability
in (3.5). When the zonal flow vanishes everywhere,
sin® = sin¢g and (3.7b) reduces to pg = (g/00)90/9z,
the square of the Brunt-Viisild frequency.

There are two interesting connections between the -

transverse circulation equations (2.7) and (3.7). First,
using (2.7b-d), (3.7b~c) and (3.14) we can show that
(AC — B?) cos?¢ cos’® = gs cos*¢p = g/(pbo)P2Q
X sing cos*®, so that ellipticity in the transverse cir-
culation problem can be judged by whether (AC — B?)
> 0, gs > Q or Psin¢g > 0. Later (Fig. 8) we shall see
that when an ITCZ develops off the equator in the
Northern Hemisphere, Southern Hemispheric air with
negative P is drawn into the Northern Hemisphere at
low levels and Northern Hemispheric air with positive
P is pushed into the Southern Hemisphere at high lev-
els. This results in small regions near the equator where
the transverse circulation equations (2.7) and (3.7)
become nonelliptic. For a discussion of the relation of
ellipticity to symmetric instability near the equator,
see Stevens (1983). The second connection between
(2.7) and (3.7) is established by using (2.6), (3.6),
(3.11) and (3.16) to show that y* cos® = ¢ cos¢.

Thus, isolines of y* cos® drawn in the (®, Z) plane’

give the meridional flux (pv* cos®, pw* cos®) while
the same isolines drawn in the (¢, z) plane give the
meridional flux (pv cos¢, pw cos¢).

4. Energetics and efficiency

Before we proceed to obtain solutions of the equa-
tions in Table 1, let us briefly discuss the energy prin-
ciples associated with these equations. From the orig-
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inal system (2.1)-(2.5) we can derive the fo]lovving
potential and kinetic energy equations

dP

7 =% — 0, (4.1)

d¥H

“=e, (4.2)

where
P = ff ¢pTpa cospdepdz, (4.3)
K = ff % u?pa cospdpdz, (4.4)
7= ff Qpa cospdodz, (4.5)
e= f f 05 wlpa cosddédz. (4.6)
0

The integrals in (4.3)-(4.6) extend from the South
Pole to the North Pole and from z = 0 to z7. Thus, 2P
and # denote the total potential and kinetic energies
of the atmosphere, # the total heating, and @ the rate
of conversion of total potential energy into kinetic en-
ergy.

Because w is diagnostically related to Q, € can be
expressed in a form similar to /#, as given below in
(4.14). To obtain (4.14) we begin by using the relations
(3.12) and (3:18) to write (4.6) as

e = f f ;‘1 w*bpa cosddddZ. (4.7)
0

Using (3.6) and integrating by parts, (4.7) becomes

e = -ff 80 svdvaz.  (48)

6o 0P

Using the symbol L* to denote the second order op-
erator on the left-hand side of (3.7a), let us now define
X* to be the solution of
g a6
L*¥(x*)==——, 4.9

(x*) b0 29D (4.9)
with the same homogeneous Dirichlet boundary con-
ditions as (3.7). We can interpret X* as the stream-
function for a meridional displacement field in (&, Z)
space. This field does not directly depend on the heat-
ing, but only on the instantaneous structure of the zonal
wind. Substituting (4.9) into (4.8) we obtain

e = —” Y* L*(X*)a cos®dddZ

= —ff X*L*(y*)a cos®d®dZ. (4.10)
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The last step follows from the self-adjoint property of
the linear operator L*. Using (3.7a)in (4.10) and per-
forming a final integration by parts, we obtain

C = ff n*Qpa cosPdPdZ, (4.11)
where

« _ [P0 1 9(x* cosP) 412
P ( g acos®dd - (4.12)

By analogy with (3.18) we define

£\«
= 4.1

T (29 sin<I>)n ’ (4.13)

so that (4.11) can be expressed in (¢, z) space as

C= ff nQpa cospdpdz. (4.14)
Using (4.5) and (4.14) we can define
e f f n0pa cospdpdz
F=—-= ' (4.15)

g f f Qpa cospdedz

as the overall efficiency of the energy conversion. We
shall refer to n(¢, z, t) as the dynamic efficiency factor
and 7(2) as the system efficiency. According to (4.15)
the dynamic efficiency factor is a measure of the effec-
tiveness of the heating at any point in producing kinetic
energy. The computation of the 5 field at a particular
instant is accomplished by solving (4.9) for x*, deter-
mining n* from (4.12) and finally determining 7 from
(4.13). Some calculations of 5 will be shown in sec-
tion 6.

5. Solution of the meridional circulation equation for
the Boussinesq, resting zonal flow case

As can be seen from the meridional circulation
equation (3.7), differences between the strengths of
the summer and winter Hadley cells can be related to
anisotropy introduced by the variable coefficients g and
s. As we shall see, variation of the coefficient s is usually
the more important effect, and it is most easily illus-
trated in the Boussinesq, resting zonal flow case. Thus,
as a first attempt to understand the difference between
the summer and winter Hadley cells and the balance
of terms in the thermodynamic equation, let us con-
sider the hypothetical case in which # = 0 and in which
p and 88/0Z are constant. Under these conditions ®
= ¢, pA = pq = N? = constant, B = 0 and pC = ps
= 402 sin?¢, so that either of the meridional circulation
equations (2.7) or (3.7) reduce to

0 (3(Y cosg) +492a2 sinZ¢ a_@ _ pga 9Q
¢ \ cos¢ dp _N2

9z2 N%8, d¢
(5.1)
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Let us assume that @ is due to latent heat release and
the horizontally varying part of the radiative forcing;
the horizontally uniform part of the radiative forcing
does not contribute to the right-hand side of (5.1).
Specifying this heating as Q (¢, z) = Q(¢) sin(wz/z7),
and then assuming that Y(¢, z) = (@) sin(wz/z7),
we obtain from (5.1) the meridional structure equation

d (dtd cose) vsa d@
do \ cos¢pdp .

N%y do °
where € = 4Q2a2/(gh) is Lamb’s parameter based on
the equivalent depth 4 = N?z:%/(g#?). For zr = 15
kmand N=12 X 107?57}, we have 2 = 335 m and
¢ = 263. Equation (5.2) is closely related to the differ-
ential equation for angular prolate spheroidal wave
functions (Abramowitz and Stegun 1964, pages 752-
769). Rather than discuss its analytical characteristics,
we simply solve (5.2) numerically for the case where

) — e sin’¢y = (5.2)

Q(¢) = Q¢ exp[—a?(sing — sing,)?], (5.3a)
with
0, = 4o &
0 [erf[a(l + sing.)] + erf[a(1 — sinqsc)]] Vo'
(5.3b)
Here @, has been chosen so that
/2
%f_:ﬁ Q(¢) cospde = Q. (5.4)

By varying ¢. and « we can now consider simulated
ITCZs centered at different latitudes and with different
widths. According to (5.4) these different cases will all
result in the same area averaged heating @,. In partic-
ular, we shall set @y = 0.30 K day ™!, « = 30, 15 and
0 < ¢, < 30 degrees latitude. Defining the e-folding
width as the latitudinal extent for which |sing — sing,|
< 1/a, we see that the e-folding width of our heating
is about 4 degrees latitude for « = 30 and 8 degrees
latitude for o = 15. The choice of such narrow ITCZs
is motivated by Marshall Islands rainfall data (Yanai
et al. 1973, Fig. 12), by mean cloud brightness data
(Miller and Feddes 1971), and by individual satellite
images such as those shown in Fig. 1. The results of
our solutions to (5.2) are shown in Figs. 2-4. These
solutions have been obtained by discretizing (5.2) with
a centered finite difference approximation, resulting in
a tridiagonal matrix inversion problem. We have cho-
sen a grid spacing of 0.01 degrees latitude, so that the
discretization error in solving (5.2 ) is entirely negligible.

In Fig. 2 we have plotted three parameters as a func-
tion of the latitude of the peak heating—the absolute
values of the maximum and minimum of  cos¢ and
their sum. These can be interpreted respectively as the
mass flux of the summer hemisphere cell, the mass flux
of the winter hemisphere cell, and the total upward
mass flux in the ITCZ. Solid lines correspond to «
= 30, while dashed lines correspond to « = 15. For the
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FIG. 2. Mass flux into the ITCZ from the summer hemisphere
Hadley cell (lower curve), the winter hemisphere Hadley cell (middle
curve), and their sum, plotted as a function of the central latitude
of the ITCZ. The curves were obtained for the special case of no
zonal wind by solving the meridional structure equation (5.2) with
heating given by (5.3). Solid lines are for an ITCZ with an e-folding
width of 4 degrees latitude (« = 30), while dashed lines are for an
e-folding width of 8 degrees latitude (a = 15).

narrow heating (« = 30), the maximum winter hemi-
sphere cell mass flux occurs when the heating is cen-
tered at 12 degrees latitude while the maximum dif-
ference between the mass fluxes of the two cells occurs
when the heating is centered at 13 degrees latitude. A
similar response, albeit smaller in magnitude, occurs
for the wide heating case.

A more complete view of the solution is shown in
Figs. 3 (a = 30) and 4 (o = 15), in which we present
the latitudinal behavior of the streamfunction ¥ cos¢,
the vertical motion field w, and the potential temper-
ature tendency d6/9¢ as a function of the location of
the diabatic heat source. As can be seen in Figs. 3a and
4a, when the heating is centered on the equator, two
circulation cells of equal intensity are produced. As the
heating is shifted off the equator, the cross-equatorial
circulation cell becomes stronger while its companion
cell becomes weaker. A shift in the heating poleward
of 12 degrees results in a steady weakening of the winter
circulation cell and more subtle changes in the summer
hemisphere cell. The vertical motion fields (Figs. 3b
and 4b) also exhibit asymmetry with respect to the
position of the ITCZ, with a broader and significantly
stronger region of subsidence on the equatorward side
of the diabatic heating. The thermodynamic response
(Figs. 3¢ and 4c) reflects this asymmetry with a much
broader and enhanced warming region in the winter
circulation cell. Note that despite the fact that the
asymmetry of the meridional circulation cells is sen-
sitive to the location of the diabatic heating, the ther-
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modynamic response is relatively insensitive to its lo-
cation, particularly when the peak heating lies within
6 degrees of the equator. It is also interesting to note
that although the halfwidth of the heating appears to
play a major role in the magnitude and structure of
the meridional circulation as seen in Fig. 4, the ther-
modynamic response is virtually identical except in
the immediate vicinity of the heating when it is located
at higher latitudes. In both the « = 30 and o = 15
cases, the peak in the thermodynamic response is ob-
served to be slightly poleward of the peak in the heating.
The size of this displacement depends upon the half-
width of the heating, with a broader heating producing
a larger displacement. This poleward displacement ef-
fect can be seen in Fig. 4c¢ by noting the difference in
location of the peak warming (86/d¢) and the peak
heating (which coincides with a line drawn from the
upper left corner to the middle of the abscissa). One
interpretation of these slight poleward shifts is that they
are simply a manifestation of the rate at which the
heating field decays with latitude as compared to the
rate at which the vertical motion field decays in the
same region. Such shifts are much more prominent in
the solutions of Lindzen and Hou (1988) and are an
essential part of their simplified balance theory of the
Hadley circulation. ‘

The nature of the meridional streamfunction re-
sponse shown in Figs. 2-4 can be explained as follows.
As the diabatic heating is shifted off the equator, the
mass flux of the winter hemisphere cell increases be-
cause the low inertial stability in the equatorial region
makes it easy to draw cross-equatorial air into the
ITCZ. As the heating is shifted poleward of about 12
degrees latitude, the low inertial stability in the equa-
torial region is too far from the ITCZ to be effectively
tapped. This notion is consistent with equatorial §-
plane theory (Matsuno 1966), according to which the
Rossby length scale is ¢ “/4a ~ 1580 km (i.e., approx-
imately 14 degrees latitude). In section 6 we will show
how these conclusions are modified by the inclusion
of a zonal flow.

6. Solution of the balanced system

We now examine the behavior of the Hadley cir-
culation in more detail using the transformed balance
model presented in (3.1)-(3.7). The details of the nu-
merical procedures used in the solution of these equa-
tions are presented in appendix B. The experimental
approach is to impose a diabatic heat source in the
model atmosphere, which is initially at rest with con-
stant static stability, and to allow the zonal flow and
associated thermal field to develop over a period of a
few days. Since the rate at which the zonal flow evolves
depends upon the latitudinal location of the peak in
the diabatic heat source, we compare all numerical re-
sults at the time at which the maximum temperature
perturbation (i.e., departure from the initial state) on
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a constant z surface is slightly more than 2.5°C (an
arbitrary threshold). The numerical solutions we will
present produce a perturbation of this magnitude after
integration times ranging from 33 hours (heating cen-
tered at 20° latitude) to 59 hours (heating centered on
the equator). The diabatic forcing has the same hori-
zontal physical space structure given in (5.3), and a
vertical structure corresponding to the apparent heat
source obtained by Yanai et al. (1973, Fig. 10) in their
analysis of Marshall Islands data. For the following
experiments, we have normalized the amplitude of the
Yanai heating profile so that it produces a globally av-
eraged heating rate of 0.30°C/day at its peak value in
the vertical (i.e., near 500 mb).

Figure 5 illustrates the dependence of the meridional
circulation on the location of the diabatic heating. In
analogy with Fig. 3, we have plotted the absolute values
of the maximum and minimum of ¢ cos¢, and their
sum as a function of the latitude of the diabatic forcing.
In addition to the resting state values for these param-
eters (solid lines), we have also plotted them for the
zonal flows that have developed by the end of the nu-
merical integration (dashed lines). The qualitative be-
havior of these quantities is quite similar to the more
idealized results presented in section 5. In slight contrast
with the Boussinesq solutions, the balanced model in-
tegrations show that both the maximum winter hemi-
sphere cell mass flux and maximum asymmetry occur
when the heating is centered somewhat closer to the .
equator, or at 10 degrees and 12 degrees latitude re-
spectively. The spinup of the zonal flow makes rela-
tively minor modifications to the meridional mass flux
parameters, introducing maximum departures on the
order of 5% when the peak in the heating is located in
the equatorial region. These small modifications to the
mass flux parameters, arising from the developing zonal
flow, cause the largest winter hemisphere mass flux to
be associated with an ITCZ position of 13 degrees lat-
itude.

The structure of the meridional and zonal circula-
tions that develop in response to several selected lo-
cations of the diabatic heat source are shown in Fig.
6. The figure includes the meridional streamfunction
Ya cos¢, the zonal wind u, the departure of the tem-
perature field from the initial state, and the efficiency
parameter 7, given by (4.13), for heating centered at
0, 5, 10, and 20 degrees latitude. The generation of a
2.5°C temperature perturbation produces zonal flows
with maximum amplitudes between 4 and 7m s~ in
all cases, although the jet structures differ sharply for
particular meridional locations of the diabatic forcing.
As suggested by Fig, 5, the largest asymmetries in the
meridional circulation occur when the peak in the dia-

FIG. 3. The meridional structure of the streamfunction ¢ cos¢ (kg
m~'s71), vertical motion w (contour interval of 0.02 cm s™'), and
thermodynamic response 88/t (contour interval of 0.1° day™) as
a function of the central latitude of the ITCZ for o = 30.
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FIG. 5. Mass flux into the ITCZ from the summer hemisphere
Hadley cell (lower curves), the winter hemisphere Hadley cell (middle
curves), and their sum, plotted as a function of the central latitude
of the ITCZ. The curves were obtained by solving the meridional
structure equation (3.7) with meridional heating structure given by
(5.3) for which a = 30, and vertical structure given by Yanai et al.
(1973). Solid curves are for the initial time when the zonal flow
vanishes, while dashed lines are for a basic state flow that evolves in
response to the heating and that exhibits a 2.5°C temperature per-
turbation.

batic heating is within 15 degrees of the equator. It is
interesting to compare the case where the peak heating
is centered on the equator with the case where it is
centered at 5 degrees latitude. As suggested by the
Boussinesq results, although a large asymmetry in
Ya cos¢ exists when the heating is centered at 5 degrees
latitude (both with respect to the diabatic heat source
and the equator), it is not strongly reflected in either

. the temperature or 7 fields, which differ only slightly

from their ¢, = 0 counterparts.

As the peak forcing is moved poleward of 10 degrees
latitude, significant changes appear in the structure and
scale of the thermodynamic response, the most im-
portant of which is the asymmetric character of this
field with respect to the diabatic heat source. The ther-
modynamic field responds in a broad but very asym-
metric way with respect to the location of the ITCZ as
it moves away from the equator, followed by a highly
localized and more symmetric response poleward of
20 degrees latitude. The dramatic reduction in the hor-
izontal extent of the thermodynamic response can be
seen by examining the 1°C perturbation contour, which -
extends over 45 degrees of latitude when the peak heat-

FIG. 4. The meridional structure of the streamfunction ¥ cos¢ (kg
m~! s7!), vertical motion w (contour interval of 0.02 cm s™'), and
thermodynamic response 34/t (contour interval of 0.1° day™') as
a function of the central latitude of the ITCZ for « = 15.
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ing is equatorward of 10 degrees latitude and over only
17 degrees of latitude when the heating is centered at
20 degrees latitude (e.g., the Indian monsoon). Of
equal interest is the asymmetric nature of the thermal
response with respect to the ITCZ, which becomes most
pronounced when the peak in the diabatic heating is
located near 10 degrees latitude. For example, when
the heating is centered at 10 degrees latitude, a 2°C
response can be seen 6 degrees poleward of the heating
in the summer hemisphere, but 18 degrees poleward
in the winter hemisphere. This behavior, which is
qualitatively present in all cases, implies that even
though the horizontal scale of the winter hemisphere
circulation cell appears to be considerably broader than
the horizontal scale of the summer cell, the subsidence
produced in the descending branch of the winter cell
is significantly larger. This behavior was also suggested
by the Boussinesq solutions presented in section 5. A
direct consequence of such an asymmetry might be a
lower trade wind inversion height equatorward of the
ITCZ.

Finally, the bottom panels in Fig. 6 show the changes
in the structure and magnitude of the dynamic effi-
ciency parameter 7 as the location of the ITCZ is moved
away from the equator. As mentioned earlier, the me-
ridional structure of » exhibits only minor changes
when the heating is located within 5 degrees of the
equator. The magnitude of this quantity is also fairly
insensitive to the location of the heating equatorward
of 10 degrees, where the peak value increases by less
than 25% as the diabatic heating is moved from the
equator to 10 degrees latitude. An even smaller growth
of 13% in the system efficiency, 5, which is a measure
of the overall kinetic energy generation rate, is seen for
displacement of the diabatic heat source in the same
region. As the diabatic forcing moves poleward of 10
degrees latitude, however, a rapid increase in the mag-
nitude of 75 is observed, with the peak value increasing
by more than 60% for a heat source located at 20 de-
grees latitude. The » field also exhibits a contraction
in horizontal scale similar to what is observed in the
thermodynamic field, the gradient of which appears on
the right-hand side of Eq. (4.9) (from which 7 is de-
termined). This contraction in horizontal scale is the
primary reason why a comparable increase in 7 ac-
companies the large growth in the peak value of » as
the ITCZ moves poleward of 10 degrees latitude.

The rapid increase in 5 and 7 as our model ITCZ is
moved poleward of 10 degrees latitude is consistent
with observational studies which show explosive growth
in the rate of kinetic energy generation as the atmo-
sphere’s ITCZ migrates poleward of this latitude (e.g.,
Krishnamurti et al. 1981; Krishnamurti and Rama-
nathan 1982). We note that for a fixed location of the
ITCZ heating, the time rate of change in the structure
and magnitude of the efficiency field are primarily de-
termined by the properties of the temperature and nor-
malized potential vorticity fields, since the inertial sta-
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bility field is only slightly modified by the developing
zonal flow. Our numerical integrations show that the
structures of g, 6, and » in the meridional plane are
relatively invariant in time (for a fixed ITCZ location),
while the magnitude of the g field grows exponentially,
and the magnitudes of the § and 7 fields grow linearly.
This contrasts sharply with the physical mechanisms
related to hurricane development, where the devel-
opment of the s field plays a fundamental role in the
nonlinear time dependent evolution of 7 (see Hack
and Schubert 1986). One characteristic these two phe-
nomena do share is that relatively small horizontal dis-
placements of the heating produce large differences in
the rate of kinetic energy generation. Thus, as the ITCZ
shifts its location away from the equator, the rate at
which balanced zonal flow is generated increases, par-
ticularly poleward of 10 degrees latitude.

Typical examples of s and g are shown in Fig. 7 for
the case where the heating is centered at 10 degrees
latitude. Note that the zonal flow has produced rela-
tively small modifications to the inertial stability pa-
rameter, but it has resulted in a normalized potential
vorticity field that varies from its resting state value by
more than a factor of 4. Increased ¢ at low levels and
decreased g at high levels is the fundamental atmo-
spheric response to convective forcing and has recently
been discussed in the contexts of tropical cyclones
(Schubert and Alworth 1987) and squall lines (Schu-
bert et al. 1989). The quantity (s/g)'/?, shown in the
last panel of Fig. 7, is proportional to the inverse of
the generalized Rossby radius of deformation, and ex-
hibits large changes in the vicinity of the diabatic heat
source. These changes suggest an increase in the local
Rossby radius at low levels, with a sharp decrease in
this parameter in the upper levels. This result is quite
different from the hurricane case, once again due to
the lack of a significant modification of the inertial
stability field.

Although the inertial stability may not appear to
play a large role in the time dependent characteristics
of the efficiency field, it probably does play an impor-
tant role in determining the meridional structure of 5
since, as the heatipg is moved poleward, the fluid be-
comes stiffer to meridional displacements in response
to increasing s, resulting in increasingly larger peak
values of 5, as well as a focusing of the response. The
increase in the peak value of # appears to flatten out
poleward of 20 degrees due to a slower decay in the
local magnitude of the potential vorticity, as compared
to the rate at which the inertial stability is increasing
in the same region.

7. Concluding remarks

In this paper we have used the balance system of
equations to examine the response of the mean merid-
ional circulation to diabatic heating produced by cu-
mulus convection in the ITCZ. Solving both a simpli-
fied meridional circulation equation, in which ¥ = 0
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are given in (®, Z) space for an ITCZ centered at 10°N and for the
zonal flow shown in Fig. 6c.

and the vertical variation of the pseudo-density is ne-
glected, and the more general transformed balance sys-
tem, illustrates a rapid change in the difference between
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the winter and summer circulation cells that accom-
panies the movement of the diabatic heat source off of
the equator. This difference reaches a maximum when
the diabatic heating is centered 12 degrees from the
equator; at this point the strength of the winter cir-
culation cell is more than twice that of the summer
circulation cell. Our solutions also show that even if
the integrated heating is held fixed, the halfwidth of
the heating plays a major role in determining the mag-
nitude and structure of the meridional circulation. The
presence of the zonal flow that develops in response to
the specified diabatic heat source makes only minor
modifications to the solutions.

The differences in the two meridional circulation
cells are reflected in the magnitude and breadth of the
vertical motion fields occurring in the descending
branch of each cell. Significantly stronger and broader
subsidence is produced on the equatorward side of the
diabatic heating when it is located within 10 degrees
of the equator. It may be of interest to consider the
effects that these differences may have on the trade
wind boundary layer. The large-scale subsidence rate

* is generally accepted as the major control on the depth

of the trade wind boundary layer. Thus, at a given dis-
tance away from the ITCZ on the winter hemisphere
side we might expect a shallower boundary layer than
that which exists at the same distance away from the
ITCZ on the summer hemisphere side. For example,
compare the region between 20°N and 25°N to the
region between the equator and 5°S for the case when
the ITCZ is centered at 10°N. As can be seen in the
streamfunction diagram in Fig. 6, the subsidence rate
is about twice as strong on the winter hemisphere side.
This is also reflected in the 6 field, which shows a tem-
perature perturbation about twice as strong on the
winter hemisphere side. Thus, if other effects such as
sea surface temperature remain of secondary impor-
tance, we might expect a trade wind boundary layer
considerably shallower on the winter hemisphere side.
Some observational evidence in support of this argu-
ment can be found in the work of Ramage et al. (1981),
who analyzed aircraft data from six NOAA P-3 shuttle
flights southward from Hawaii to Tahiti along 150°W
and the six return flights northward from Tahiti to Ha-
waii along 158°W. These flights were made between
29 November 1977 and 5 January 1978 when the av-
erage ITCZ position was 7°N. Ramage et al. report
that the median height of the base of dry air just above
the trade inversion was about 1950 m in the region 7.5
degrees north of the ITCZ and 1390 m in the region
7.5 degrees south of the ITCZ. If the moist layer on
the winter side of the ITCZ is really shallower, we have
a situation where the air in the shallow moist layer on
the winter side is flowing toward the ITCZ faster than
the air in the deep moist layer on the summer side.
This would tend to make the difference in the moisture
flux toward the ITCZ considerably less than the dif-
ference in the mass flux.
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Although the structure of the meridional circulation
is quite sensitive to the location and horizontal scale
of the diabatic heat source when it is located within 10
degrees latitude of the equator, the tropical thermo-
dynamic response exhibits virtually no sensitivity, par-
ticularly when the heating is located equatorward of 6
degrees latitude. Except in the immediate vicinity of

the heating, the thermodynamic structure is also rel-

atively insensitive to the horizontal scale of the diabatic
heat source.

Finally, we have shown how the efficiency of latent
heat release at generating balanced zonal flow depends
on the zonal flow itself. In the Northern Hemisphere,
when the lower troposphere has stronger easterlies
north of the ITCZ and stronger westerlies south of the
ITCZ, the efficiency of latent heat release generally
tends to be higher. The magnitude of the zonal circu-
lation is of most importance to the generation of kinetic
energy when the ITCZ is located equatorward of 10
degrees latitude. Poleward of 10 degrees latitude, small
meridional displacements of the ITCZ can be of com-
parable importance to increases in the local magnitude
of the zonal circulation, as far as the efficiency of latent
heat release is concerned. _

It is well known that a necessary condition for in-
stability of the zonal flow is a reversal of the meridional
gradient of potential vorticity on isentropic surfaces
(Charney and Stern 1962; Eliassen 1983), i.e., (0P/
d¢), < 0. For example, the origin of easterly waves in
the Atlantic has been linked to observed reversals in
the gradient of potential vorticity that occur down-
stream of the Abyssinian mountains on the African
continent, where the lower easterly current first be-
comes organized and exhibits a sharp meridional ther-
mal contrast for many hundreds of kilometers (e.g.,
Burpee 1972; Reed et al. 1977). As discussed in section
6, our numerical results show that a fundamental at-
mospheric response to latent heat released in deep cu-
mulus convection is the generation of increased po-
tential vorticity at low levels and decreased potential
vorticity at high levels. This response has particular
significance with respect to the ITCZ and the formation
of easterly waves, as can be seen in Fig. 8, a snapshot
of the Rossby-Ertel potential vorticity P for the case
where the specified diabatic heat source is located at

10 degrees north. The shading denotes regions where
the meridional gradient of potential vorticity on isen-
tropic surfaces reverses. Note that the region of reversed
P gradient is poleward of the ITCZ in the lower tro-
posphere and equatorward of the ITCZ in the upper
troposphere. With normal ITCZ convection and rain-
fall, the time scale for producing such potential vorticity
_ gradient reversals is quite short—on the order of a day
or two. Thus, such gradient reversals are probably not
confined to just the African wave generation region,
but may also play an important role in ITCZ break-
down in other regions such as the eastern Pacific region
shown in Fig. 1. In this sense the ITCZ contains the
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FIG. 8. Meridional cross section of the Rossby—-Ertel potential vor-
ticity P, normalized by 2QN?%6,/(gp), which is the value of P at the
North Pole in a resting atmosphere. This potential vorticity field
results from 30 hours of model integration using the heating field
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areas indicate where (8P/d¢), < 0. The region between the P = 0
and ¢ = 0 lines has P sing < 0 and is hence slightly nonelliptic.

seeds of its own destruction, and it can be regarded as
a highly dynamic phenomenon that tends to form,
break down and reform on the time scale of weeks. If
tropical easterly waves are generated in the unstable
lower tropospheric region poleward of the ITCZ, and
if these waves continue to develop into tropical cy-
clones, we might expect the east-west line of ITCZ -
convection to be deformed by the rotational motion
of the cyclone. Thus, at least some spiral features of
tropical cyclones, such as those shown in Fig. 1b, may
simply be the lower tropospheric high potential vor-
ticity remnants of the ITCZ.
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APPENDIX A

Derivation of the Transformed Balance, Zonal
Momentum and Continuity Equations

To transform the balance equation (2.1) into (3.1),
we first note that (2.1) can be written as
aG*

+ =0.

{u 239 0
Applying (3.10) to G*, substituting the result into
(A.1), and then using (3.12), we can write the balance

relation as

(A.1)

cosd aG*
cos¢ add
The form (3.1) follows directly from (A.2). In addition,

the elimination of u between (2.1) and (A.2) leads to
the relation (3.22).

2Q sin®

u 0. (A2)
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To derive the zonal momentum equation (3.2) from
(2.2) we first note that (2.2) can be written
du ou
+ —_— ]
ot i 0z fv

and that application of (3.9) and (3.11), with the use
of (3.8) and (3.20), leads to

(A.3)

d(ucosg) _ d(u* cos®P)

2Q sing S ¢ T (A4)
. O(ucos¢p)  d(u* cosd)

2Q sing 3 = ¢ 3z . (AS)

Multiplication of (A.3) by cos ¢ followed by the use of
(A.4), (A.5) and (3.17) leads directly to the trans-
formed zonal momentum equation (3.2).

The transformed continuity equation can be derived
from first principles (see Shutts 1980) or, as we shall
do here, from the vertical component of the vector
vorticity equation (2.8), which can be written

D _duow 6(vcosg)
Dt 0z ado a cos¢do
where { is given by the second component in (2.10).
Using the continuity equation (2.4), the derivative re-

lations (3.10) and (3.11), and the definition (3.8), we
can write (A.6) as

=0, (A6)

Di_o(w) o

Dt pdZ

Using (3.15) we can write (A.7) in the flux form
d (29 sin® d (29 sind '
sl ) ez )
Using (3.20) to express 2Q sin®/¢{ in terms of u*
and (3.2) to express du*/Ad7T in terms of v*, we find

that ( A.8) reduces to the transformed continuity equa-
tion (3.4).

(A7)

=0.

(A.8)

APPENDIX B
Numerical Methods

The numerical integration of the transformed bal-
ance system shown in the right side of Table 1 is per-

formed using a finite difference procedure as follows. .

The horizontal domain is partitioned into 7 equal in-
tervals separated by the I + 1 points ®; = —x /2 + iAP
(i=0,1,2, - --,I), while the vertical domain is di-
vided into J equal intervals separated by the J + 1
points Z; = jJAZ (j=0, 1,2, - - -, J). Staggered mid-
way between the ®; and Z; points are the points
®;1(1/2) and Zj,y/2. The distribution of the variables
over these points is shown in Fig. 9. The south and
north poles are columns along which ¢, v* and y* are
defined, while the lower and upper boundaries are levels
where -0, w*, and y* are defined. For the numerical
solutions presented in section 6 we have chosen 7
=360, J = 15, A® = 0.5° and AZ = | km.

JOURNAL OF THE ATMOSPHERIC SCIENCES

VoL. 46, No. 19
i+|V il v aw vt
j+1z v Q.S___;_t f_____;;q Piv¥
|
| :
i y¥* 9lw* y* lw* W
i
l
!
j—l/g’ v i____i’ v ¢|v*
qu ;vq
AL vt ew v
i~ i-1/2 i i+172 i+

FI1G. 9. Finite difference grid used for solution of the
transformed balance system of equations.

The solution procedure begins by evaluating the 6
field from the time dependent variable ¢ using the
thermal wind equation in the form

8 98
00 add

=0, (B.1)

d [Qacos®®
0z

2Q sin® — 3
cos“¢

followed by the diagnosis of normalized potential vor-
ticity g and inertial stability s using (3.7b) and (3.7¢),
the solution of the meridional circulation equation
(3.7a), the diagnosis of the meridional circulation
component v* usmg (3.6), and ﬁnally the prediction
of a new ¢ field using
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In discrete form, (B.1) is written as
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The discrete representation of the transverse circulation
equation can be written
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Finally, the discrete form of (B.2) is given by
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The solution of (B.4) is accomplished with a red-black
successive overrelaxation procedure. For the resolution
previously described, convergence is generally obtained
with less than 100 iterations.
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